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Preface 


This book contains 103 highly selected problems used in the training and testing of 
the U.S. International Mathematical Olympiad (IMO) team. It is not a collection of 
very difficult, impenetrable questions. Instead, the book gradually builds students’ 
trigonometric skills and techniques. The first chapter provides a comprehensive in- 
troduction to trigonometric functions, their relations and functional properties, and 
their applications in the Euclidean plane and solid geometry. This chapter can serve 
as a textbook for a course in trigonometry. This work aims to broaden students’ 
view of mathematics and better prepare them for possible participation in various 
mathematical competitions. It provides in-depth enrichment in important areas of 
trigonometry by reorganizing and enhancing problem-solving tactics and strategies. 
The book further stimulates interest for the future study of mathematics. 

In the United States of America, the selection process leading to participation in the 
International Mathematical Olympiad (IMO) consists of a series of national contests 
called the American Mathematics Contest 10 (AMC 10), the American Mathematics 
Contest 12 (AMC 12), the American Invitational Mathematics Examination (AIME), 
and the United States of America Mathematical Olympiad (USAMO). Participation 
in the AIME and the USAMO is by invitation only, based on performance in the 
preceding exams of the sequence. The Mathematical Olympiad Summer Program 
(MOSP) is a four-week intensive training program for approximately 50 very promis- 
ing students who have risen to the top in the American Mathematics Competitions. 
The six students representing the United States of America in the IMO are selected on 
the basis of their USAMO scores and further testing that takes place during MOSP. 
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Throughout MOSP, full days of classes and extensive problem sets give students 
thorough preparation in several important areas of mathematics. These topics in- 
clude combinatorial arguments and identities, generating functions, graph theory, 
recursive relations, sums and products, probability, number theory, polynomials, 
functional equations, complex numbers in geometry, algorithmic proofs, combina- 
torial and advanced geometry, functional equations, and classical inequalities. 

Olympiad-style exams consist of several challenging essay problems. Correct 
solutions often require deep analysis and careful argument. Olympiad questions can 
seem impenetrable to the novice, yet most can be solved with elementary high school 
mathematics techniques, cleverly applied. 

Here is some advice for students who attempt the problems that follow. 


¢ Take your time! Very few contestants can solve all the given problems. 


¢ Try to make connections between problems. An important theme of this work 
is that all important techniques and ideas featured in the book appear more 
than once! 


¢ Olympiad problems don’t “crack” immediately. Be patient. Try different ap- 
proaches. Experiment with simple cases. In some cases, working backwards 
from the desired result is helpful. 


¢ Even if you can solve a problem, do read the solutions. They may contain 
some ideas that did not occur in your solutions, and they may discuss strategic 
and tactical approaches that can be used elsewhere. The solutions are also 
models of elegant presentation that you should emulate, but they often obscure 
the tortuous process of investigation, false starts, inspiration, and attention to 
detail that led to them. When you read the solutions, try to reconstruct the 
thinking that went into them. Ask yourself, “What were the key ideas? How 
can I apply these ideas further?” 


* Go back to the original problem later, and see whether you can solve it in a 
different way. Many of the problems have multiple solutions, but not all are 
outlined here. 


¢ Meaningful problem-solving takes practice. Don’t get discouraged if you have 
trouble at first. For additional practice, use the books on the reading list. 
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Abbreviations 
AHSME American High School Mathematics Examination 
AIME American Invitational Mathematics Examination 
AMC10 American Mathematics Contest 10 
AMC12 American Mathematics Contest 12, 

which replaces AHSME 

APMC Austrian—Polish Mathematics Competition 
ARML American Regional Mathematics League 
IMO International Mathematical Olympiad 
USAMO United States of America Mathematical Olympiad 
MOSP Mathematical Olympiad Summer Program 
Putnam The William Lowell Putnam Mathematical Competition 


St. Petersburg St. Petersburg (Leningrad) Mathematical Olympiad 
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Abbreviations and Notation 


Notation for Numerical Sets and Fields 


[x"](p(x)) 


the set of integers 

the set of integers modulo n 

the set of positive integers 

the set of nonnegative integers 

the set of rational numbers 

the set of positive rational numbers 

the set of nonnegative rational numbers 
the set of n-tuples of rational numbers 
the set of real numbers 

the set of positive real numbers 

the set of nonnegative real numbers 

the set of n-tuples of real numbers 

the set of complex numbers 

the coefficient of the term x” in the polynomial p(x) 


Notation for Sets, Logic, and Geometry 


|A| 
ACB 
ACB 
A\B 
ANB 
AUB 
acéeA 
a,b,c 
A,B,C 
R,r 
[F] 
[ABC] 
|BC| 
AB 


the number of elements in the set A 

A is a proper subset of B 

A is a subset of B 

A without B (set difference) 

the intersection of sets A and B 

the union of sets A and B 

the element a belongs to the set A 

lengths of sides BC, CA, AB of triangle ABC 
angles CAB, ZABC, ZBCA of triangle ABC 
circumradius and inradius of triangle ABC 
area of region F 

area of triangle ABC 

length of line segment BC 

the arc of a circle between points A and B 
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Trigonometric Fundamentals 


Definitions of Trigonometric Functions in Terms of Right 
Triangles 


Let S and T be two sets. A function (or mapping or map) f from S to T (written 
as f : S > T) assigns to each s € S exactly one element ¢t € T (written f(s) = 1); 
t is the image of s. For S’ C S, let f(S") (the image of S’) denote the set of images 
of s € S’ under f. The set S is called the domain of f, and f(S) is the range of f. 

For an angle 6 (Greek “theta") between 0° and 90°, we define trigonometric 
functions to describe the size of the angle. Let rays OA and OB form angle 6 (see 
Figure 1.1). Choose point P on ray OA. Let Q be the foot (that is, the bottom) of 
the perpendicular line segment from P to the ray OB. Then we define the sine (sin), 
cosine (cos), tangent (tan), cotangent (cot), cosecant (csc), and secant (sec) functions 
as follows, where | P Q| denotes the length of the line segment P Q: 


: PQ OP 
sind = ——, cscO = —_, 
OP PQ 
ee ea Fe een ices 
|OP OQ 
P 
ry ec cota = Cl. 
Og PQ 
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First we need to show that these functions are well defined; that is, they only depends 
on the size of 6, but not the choice of P. Let P; be another point lying on ray OA, 
and let Q; be the foot of perpendicular from P; to ray OB. (By the way, “P sub 
1" is how P; is usually read.) Then it is clear that right triangles OP Q and OP; Q; 
are similar, and hence pairs of corresponding ratios, such as oral and rei are all 
equal. Therefore, all the trigonometric functions are indeed well defined. 


A 


Pi 


0 Q 0 a 
Figure 1.1. 
By the above definitions, it is not difficult to see that sin@, cos@, and tan@ are 


the reciprocals of csc 6, sec 0, and cot 6, respectively. Hence for most purposes, it is 
enough to consider sin 0, cos 6, and tan @. It is also not difficult to see that 


sind 


cosé 
=tan0d and ——=coté. 
cosé sin@ 


By convention, in triangle ABC, we let a, b,c denote the lengths of sides BC, CA, 
and AB, and let ZA, 2B, and ZC denote the angles CAB, ABC, and BCA. Now, 
consider a right triangle ABC with ZC = 90° (Figure 1.2). 


A 
Cc 
b 
B P $C 
Figure 1.2. 
For abbreviation, we write sin A for sin ZA. We have 
: a b a 
sin A = —, cosA = -, tan A = —; 
Cc Cc b 
: b a b 
sin B= -, cosB = -, tan B= -; 
c Cc a 
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and 
a=csinA, az=ccosB, a=btanA; 
b=csinB, b=ccosA, b=atanB; 
c=acscA, c=asecB, c=bcescB, c=bsecaA. 


It is then not difficult to see that if A and B are two angles with 0° < A, B < 90° and 
A+B = 90°, then sin A = cos B,cos A = sin B, tan A = cot B, andcot A = tan B. 
In the right triangle ABC, we have a* + b* = c’. It follows that 


b2 
(sin A)? + (cos Ay? = = +3 1. 
Cc c 


It can be confusing to write (sin A)” as sin A. (Why?) For abbreviation, we write 
(sin A)? as sin? A. We have shown that for 0° < A < 90°, 


sin? A + cos* A = 1. 
Dividing both sides of the above equation by sin’ A gives 
1+cot? A= csc? A, or csc*A—cot?A=l. 
Similarly, we can obtain 
tan2A+1= sec” A, or sec? A—tan*A=1. 


Now we consider a few special angles. 


In triangle ABC, suppose ZA = ZB = 45°, and hence |AC| = |BC| (Figure 1.3, 


left). Then c2 = a*+b* = 2a”, and so sin 45° = sinA = é = w = ee Likewise, 
we have cos 45° = 2 and tan 45° = cot 45° = 1. 
B B 
4 Cc A G ” 
Figure 1.3. 


In triangle ABC, suppose ZA = 60° and ZB = 30° (Figure 1.3, right). We 
reflect A across line BC to point D. By symmetry, 2D = 60°, so triangle ABD 
is equilateral. Hence, |AD| = |AB| and |AC| = Ap. Because ABC is a right 
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triangle, |AB|? = |AC/? + |BC/2. So we have |BC[? = |ABP? — ABE = SABE 


or |BC| = ey It follows that sin 60° = cos 30° = ate sin 30° = cos 60° = 5. 
tan 30° = cot 60° = 2, and tan 60° = cot 30° = J/3. 

We provide one exercise for the reader to practice with right-triangle trigonometric 
functions. In triangle ABC (see Figure 1.4), BCA = 90°, and D is the foot of 
the perpendicular line segment from C to segment AB. Given that |AB| = x and 
LA = 0, express all the lengths of the segments in Figure 1.4 in terms of x and 6. 


Figure 1.4. 


Think Within the Box 


For two angles a (Greek “alpha") and 6 (Greek “beta") with 0° < a, B,a+ B < 
90°, it is not difficult to note that the trigonometric functions do not satisfy the 
additive distributive law; that is, identities such as sin(a + 6) = sina + sin B and 
cos(a+ 8) = cosa+cos # are not true. For example, setting a = B = 30°, we have 
cos(a + B) = cos 60° = 7 which is not equal to cosa + cos B = 2 cos 30° = J3. 
Naturally, we might ask ourselves questions such as how sin @, sin f, and sin(a@ + B) 
relate to one another. 

Consider the diagram of Figure 1.5. Let DEF be a right triangle with / DE F = 
90°, ZFDE = 8, and |DF| = 1 inscribed in the rectangle ABC D. (This can 
always be done in the following way. Construct line £1 passing through D outside 
of triangle DEF such that lines £; and DE form an acute angle congruent to a. 
Construct line £2 passing through D and perpendicular to line €;. Then A is the foot 
of the perpendicular from F to line 1, and C the foot of the perpendicular from F 
to £2. Point B is the intersection of lines AF and C F.) 
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Ar 1B 


D 


Figure 1.5. 


We compute the lengths of the segments inside this rectangle. In triangle DE F, 
we have |DE| = |DF|-cos 8 = cos 6 and|EF| = |DF|-sin 6 = sin . In triangle 
ADE, |AD| = |DE|- cosa = cosacos 6 and |AE| = |DE|- sina = sinacos f. 
Because DE F = 90°, it follows that AED+/ZBEF = 90° = LAED+ZADE, 
and so BEF = ADE = a. (Alternatively, one may observe that right triangles 
ADE and BEF are similar to each other.) In triangle BEF, we have |BE| = 
|EF|-cosa = cosa sin Bf and|BF| = |EF|-sina = sina sin B. Since AD || BC, 
LDFC = LADF =a +68. Inright triangle CDF, |CD| = |DF|- sin(a + B) = 
sin(a + 6) and|CF| = |DF|-cos(a + 6B) = cos(a + B). 

From the above, we conclude that 


cosacos B = |AD| = |BC| = |BF|+|FC| = sina sin B + cos(a + B), 


implying that 
cos(a + 6) = cosa cos B — sina sin B. 


Similarly, we have 


sin(a + 6) = |CD| = |AB| = |AE| + |EB| = sina cos 6B + cosa sin B; 


that is, 
sin(a + 6) = sinacos B + cosa sin pf. 


By the definition of the tangent function, we obtain 


sin(a+f) _ sinacosf + cosa sin B 


tan(@ + B) = = ——3 
P cos(a+ 6)  cosacos f — sina sin B 
sina sin B 
_ cosa ' cosp _ tana + tan B 
} — SinasinB ~~ 1 — tana tan B 
cosa cos B 


We have thus proven the addition formulas for the sine, cosine, and tangent functions 
for angles in a restricted interval. In a similar way, we can develop an addition formula 
for the cotangent function. We leave it as an exercise. 
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By setting w = £ in the addition formulas, we obtain the double-angle formulas 


2 2 tana 


’ a, tan2a = 


sin2a@ = 2sina cosa, cos 2a@ = cos* a — sin 


1 —tan? a’ 
where for abbreviation, we write sin(2@) as sin2a. Setting 6 = 2a in the addition 
formulas then gives us the triple-angle formulas. We encourage the reader to derive 
all the various forms of the double-angle and triple-angle formulas listed in the 
Glossary of this book. 


You’ve Got the Right Angle 


Because of the definitions of the trigonometric functions, it is more convenient to 
deal with trigonometric functions in the context of right triangles. Here are three 
examples. 


A B 
9 * 
Cc 
D 
Figure 1.6. 


Example 1.1. Figure 1.6 shows a long rectangular strip of paper, one corner of which 
has been folded over along AC to meet the opposite edge, thereby creating angle 
6 (CAB in Figure 1.6). Given that the width of the strip is w inches, express the 
length of the crease AC in terms of w and 6. (We assume that 6 is between 0° and 
45°, so the real folding situation is consistent with the configuration shown in Figure 
1.6.) 

We present two solutions. 


First Solution: In the right triangle ABC, we have |BC| = |AC| sin @. In the right 
triangle AEC, we have |CE| = |AC|sin@. (Indeed, by folding, triangles ABC 
and AEC are congruent.) Because BCA = ZECA = 90° — @, it follows that 
LBCE = 180° — 26 and DCE = 26 (Figure 1.7). Then, in the right triangle 
CDE, |CD| = |CE| cos 20. Putting the above together, we have 


w = |BD| =|BC|+|CD] = |AC|sin6 + |AC|sin6 cos 26, 
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implying that 
w 


AC = 
sin @(1 + cos 26) 


Figure 1.7. 


Second Solution: Let F be the foot of the perpendicular line segment from A to 
the opposite edge. Then in the right triangle AEF, AEF = 26 and |AF| = w. 
Thus |AF| = |AE| sin 20, or |AE| = aa In the right triangle AEC, ZCAE = 
CAB = 6 and |AE| = |AC| cos @. Consequently, 


|AE| w 
|AC| = == : 
cos 6 sin 20 cos 0 
a 
Putting these two approaches together, we have 
i a 
sin 8(1 + cos 20) sin 20 cos 0 
or sin@(1 + cos20) = sin20cos@. Interested readers can use the formulas we 


developed earlier to prove this identity. 


Example 1.2. In the trapezoid ABCD (Figure 1.8), AB || CD, |AB| = 4 and 
|C D| = 10. Suppose that lines AC and BD intersect at right angles, and that lines 
BC and DA, when extended to point Q, form an angle of 45°. Compute [ABC D], 
the area of trapezoid ABCD. 
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Figure 1.8. 


Solution: Let segments AC and BD meet at P. Because AB || CD, triangles 
ABP and CDP are similar with a side ratio of i = 2. Set |AP| = 2x and 
|B P| = 2y. Then |C P| = 5x and |DP| = 5y. Because APB = 90°, [ABCD] = 
5|AC| -|BD| = mea (To see this, consider the following calculation: [ABC D] = 
[ABD] + [CBD] = 5|AP|-|BD| + 3|CP| -|BD| = |AC| - |BD|.) 
Let a = ADP and 6 = ZBCP-. Inright triangles ADP and BC P, we have 
|AP| 2x 


a= => an = 
IDP| 5y ICP| 5x 


Note that CPD = LCQD+ZQCP+ZQDP, implying thata+ 6B = ZQCP+ 
LQDP = 45°. By the addition formulas, we obtain that 


2x , dy 
tana+tanp — 33 +3, — 10(x2 +?) 
_ ~ 2x 2y 
1 — tana tan B ay sy 21xy 


1 = tan 45° = tan(a + B) = 


2 2 
which establishes that xy = Wet). In triangle ABP, we have |AB|* = |AP|* + 
|BP|?, or 16 = 4(x? + y?). Hence x? + y” = 4, and so xy = x. Consequently, 


49xy 49 40 140 


ABCD]|= a . = ; 
ie 2 2 21 3 


Example 1.3. [AMC12 2004] In triangle ABC, |AB| = |AC| (Figure 1.9). Points 
D and E lie on ray BC such that |BD| = |DC| and |BE| > |CE|. Suppose 
that tan EAC, tan ZE AD, and tan EAB form a geometric progression, and that 
cot DAE, cot ZCAE, and cot DAB form an arithmetic progression. If |AE| = 
10, compute [A BC], the area of triangle ABC. 
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A 


B DC a 
Figure 1.9. 


Solution: We consider right triangles ABD, ACD, and ADE. Seta = LEAD 
and 8B = BAD = ZDAC. Then EAC =a — Bf and ZEAB =a + B. Because 
tan ZE AC, tan ZE AD, and tan ZE AB form a geometric progression, it follows that 


tan? a = tan®? EAD = tan EAC tan EAB = tan(a — B) tan(@ + B). 
By the addition formulas, we obtain 


ne tana + tan 6 tana —tanB tan? w — tan” B 
l1—tanatanB 1+tanatanB  1-—tan?atan? p’ 


or 
tan? a — tan* « tan? B= tan? w — tan? B. 


Hence, tan* a tan? p= tan? B, and so tana = 1, ora = 45°. (We used the fact 
that both tana and tan B are positive, because 0° < a,B < 90°.) Thus ADE 
is an isosceles right triangle with |AD| = |DE| = aE = 5/2. In the right 
triangle ACD, |DC| = |AD| tan B, and so[ABC] = |AD]-|CD| = |AD/* tan B = 
50 tan B. 

Becausecot DAE = cot 45° = 1,cot CAE, andcot DAB form an arithmetic 


progression, it follows that 
2 cot(45° — B) = 2cot CAE = cot DAE + cot DAB = 1+ cot B. 


Setting 45° — B = y (Greek “gamma") in the above equation gives 2coty = 
1+ cot B. Because 0° < B, y < 45°, applying the addition formulas gives 


1 tase (B+ y) cot Bcoty — | 
= co = co = ——__—_., 
e cot 6 + cot y 


or cot 8 + coty = cot B cot y — 1. Solving the system of equations 


2coty = 1+ cot B, 2coty =cotB+1, 
cot B + cot y = cot Bcoty — 1 cot y(cot B — 1) = cot6+1 
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for cot B gives (cot B+1)(cot B—1) = 2(cot 6 +1). It follows that cot” B—2 cot B— 
3 = 0. Factoring the last equation as (cot 8B — 3)(cot 6 + 1) = 0 gives cot B = 3. 
Thus [ABC] = SOtanB = >. . 

Of course, the above solution can be simplified by using the subtraction formulas, 
which will soon be developed. 


Think Along the Unit Circle 


Let w denote the unit circle, that is, the circle of radius 1 centered at the origin 
O = (0,0). Let A be a point on o in the first quadrant, and let @ denote the acute 
angle formed by line OA and the x axis (Figure 1.10). Let A; be the foot of the 
perpendicular line segment from A to the x axis. Then in the right triangle AA, O, 
|OA| = 1, |AA| = sin, and |OA,| = cos@. Hence A = (cos@, sin@). 


A 


A 


Figure 1.10. 


In the coordinate plane, we define a standard angle (or polar angle) formed by a 
ray ¢ from the origin and the positive x axis as an angle through which the positive 
x axis can be rotated to coincide with ray £. Note that we have written a standard 
angle and not the standard angle. That is because there are many ways in which the 
positive x axis can be rotated in order to coincide with the ray @. In particular, a 
standard angle of 6; = x° is equivalent to a standard angle of 62 = x° + k - 360°, 
for all integers k. For example, a standard angle of 180° is equivalent to all of these 
standard angles: ..., —900°, —540°, —180°, +540°, +900°, .... Thus a standard 
angle is a directed angle. By convention, a positive angle indicates rotation of the 
x axis in the counterclockwise direction, while a negative standard angle indicates 
that the x axis is turned in the clockwise direction. 

We can also define the standard angle formed by two lines in the plane as the 
smallest angle needed to rotate one line in the counterclockwise direction to coincide 
with the other line. Note that this angle is always greater than or equal to 0° and less 
than 180°. 
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For a point A in the plane, we can also describe the position of A (relative to the 
origin) by the distance r = |OA| and standard angle 6 formed by the line OA and 
the x axis. These coordinates are called polar coordinates, and they are written in 
the form A = (r, @). (Note that the polar coordinates of a point are not unique.) 

In general, for any angle 6, we define the values of sin 6 and cos @ as the coordinates 
of points on the unit circle. Indeed, for any 6, there is a unique point A = (x0, yo) 
(in rectangular coordinates) on the unit circle w such that A = (1, @) (in polar 
coordinates). We define cos 9 = xo and sin@ = yo; that is, A = (cos 9, sin @) if and 
only if A = (1, 9) in polar coordinates. 

From the definition of the sine and cosine functions, it is clear that for all integers 
k, sin(@ +k - 360°) = sin@ and cos(@ + k - 360°) = cos @; that is, they are periodic 
functions with period 360°. For 6 # (2k + 1) - 90°, we define tand = “4; and 


for 0 £ k- 180°, we define cot 6 = a It is not difficult to see that tan @ is equal 


to the slope of a line that forms a standard angle of @ with the x axis. 


Figure 1.11. 


Assume that A = (cos @, sin @). Let B be the point on w diametrically opposite to 
A. Then B = (1, 6 + 180°) = (1, 6 — 180°). Because A and B are symmetric with 
respect to the origin, B = (— cos 0, — sin@). Thus 


sin(@ + 180°) = —sin@, cos(@+180°) = —cosé. 


It is then easy to see that both tan @ and cot @ are functions with a period of 180°. 
Similarly, by rotating point A around the origin 90° in the counterclockwise direction 
(to point C2 in Figure 1.11), in the clockwise direction (to C)), reflecting across the 
x axis (to D), and reflecting across the y axis (to FE), we can show that 


sin(@ + 90°) = cos@, cos(6 + 90°) = — sind, 
sin(@ — 90°) = —cos@, cos(@ — 90°) = siné, 
sin(—0) = —sin@, cos(—8) = cos 0, 


sin(180° — 6) = sind, cos(180° — 6) = —cosé. 
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Furthermore, by either reflecting A across the line y = x or using the second and third 
formulas above, we can show that sin(90° — 6) = cos@ and cos(90° — 6) = sin@. 
This is the reason behind the nomenclature of the “cosine” function: “cosine” is the 
complement of sine, because the angles 90° — 6 and 6 are complementary angles. All 
these interesting and important trigonometric identities are based on the geometric 
properties of the unit circle. 

Earlier, we found addition and subtraction formulas defined for angles a and 
B with 0° < a,B < 90° anda+ 6 < 90°. Under our general definitions of 
trigonometry functions, we can expand these formulas to hold for all angles. For 
example, we assume that aw and 6 are two angles with 0° < a, 6 < 90° anda+ 6 > 
90°. We set a’ = 90° — aw and B’ = 90° — £B. Then a’ and ’ are angles between 
0° and 90° with a sum of less than 90°. By the addition formulas we developed 
earlier, we have 


cos(a + 8) = cos [180° — (a’ + B’)] = —cos(a’ + B’) 
= —cosa’ cos f’ + sina’ sin p’ 
= —cos(90° — a’) cos(90° — 6’) + sin(90° — a’) sin(90° — B’) 
= — sina sin B + cosacos f 


= cosacos f — sina sin B. 


Thus, the addition formula for the cosine function holds for angles a@ and 6 with 
0° <a,B < 90° anda + 6 > 90°. Similarly, we can show that all the addition 
formulas developed earlier hold for all angles a and 8. Furthermore, we can prove 
the subtraction formulas 


sin(a — 6) = sina cos B — cosa sin B, 
cos(a — 6B) = cosa cos B + sina sin B, 
tan(a — B) = 


tana — tan B 
1+ tana tan B° 


We call these, collectively, the addition and subtraction formulas. Various forms 
of the double-angle and triple-angle formulas are special cases of the addition 
and subtraction formulas. Double-angle formulas lead to various forms of the half- 
angle formulas. It is also not difficult to check the product-to-sum formulas by 
the addition and subtraction formulas. We leave this to the reader. For angles a and 
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B, by the addition and subtraction formulas, we also have 


sina sin p = sin (SEP 4 2—F) 4 sin( SEF 2A) 


2 2 2 2 
_ at+Bp a—p a+p . a-8s 
= sin cos + cos sin 
2 2 2 2 
_ a+ ZB a— B a+B . a-B 
+ sin cos cos sin 
2; 2 2 2 
| Op 
= 2sin cos ‘ 
2 2 


which is one of the sum-to-product formulas. Similarly, we obtain various forms 
of the sum-to-product formulas and difference-to-product formulas. 


Example 1.4. Let a and b be nonnegative real numbers. 
(a) Prove that there is a real number x such that sinx + acosx = b if and only if 


a*—b*+1>0. 


(b) If sinx + acosx = b, express |a sin x — cos x| in terms of a and b. 


Solution: To establish (a), we prove a more general result. 


(a) Let m, n, and £ be real numbers such that m* + n* 4 0. We will prove that 
there is a real number x such that 


msinx +ncosx = ¢ (*) 
if and only if m? +n? > €?. 
Indeed, we can rewrite equation (*) in the following form: 
m : zs n L 
————  sinx + ———— cosx = —————.. 
Vm? +n? Vm? + n2 Vm? + n2 


m 


Point ( Tata? —— lies on the unit circle. There is a unique real number 
h0O <a < 2m such that 


m : n 
cosa = ———— _ and sina= 


[m2 + n2 [m2 + n2 


The addition and subtraction formulas yield 


£ 
Vm + n2’ 


< 1, that is, if and only if 


sin(x + a) = cosa@ sinx + sina cosx = 


L 
Vm2+n2 


é? < m* +n’. Setting m = a,n = 1, and ¢ = ¢ gives the desired result. 


which is solvable in x if and only if —1 < 
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(b) By the relations 


a? + 1 = (sin? x + cos* x)(a* + 1) 
= (sin? x + 2a sinx cos x + a” cos” x) 
+ (a sin’ x — 2a sin x cos x + cos” x) 


= (sinx + acos x) + (asin x — cos x)’, 


we conclude that |a sin x — cos x| = Va? — b? +1. : 


Graphs of Trigonometric Functions 


Figure 1.12. 


We set the units of the x axis to be degrees. The graph of y = sin x looks like a 
wave, as shown in Figure 1.12. (This is only part of the graph. The graph extends 
infinitely in both directions along the x axis.) For example, the point A = (1, x°) 
corresponds to the point A; = (x, sinx) on the curve y = sin x. If two points 
B, and C, are 360 from each other in the x direction, then they have the same y 
value, and they correspond to the same point B = C on the unit circle. (This is the 
correspondence of the identity sin(x°+360°) = sin x°.) Also, the graph is symmetric 
about line x = 90. (This corresponds to the identity sin(90° — x°) = sin(90° + x°).) 
The identity sin(—x°) = — sin x° indicates that the graph y = sinx is symmetric 
with respect to the origin; that is, the sine is an odd function. 

A function y = f(x) is sinusoidal if it can be written in the form y = f(x) = 
asin[b(x + c)] +d for real constants a, b, c, and d. In particular, because cos x° = 
sin(x° + 90°), y = cos x is sinusoidal (Figure 1.13). For any integer k, the graph of 
y = cosx is a (90 + 360k)-unit shift to the left (or a (270 + 360k)-unit shift to the 
right) of the graph of y = sin x. Because cos x° = cos(—x°), the cosine is an even 
function, and so its graph is symmetric about the y axis. 
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A 


B 
Figure 1.13. 


Example 1.5. Let f be an odd function defined on the real numbers such that for 
x > 0, f(x) =3sinx +4cosx. Find f(x) for x < 0. (See Figure 1.14.) 


Figure 1.14. 


Solution: Because f is odd, f(x) = —f(—x). For x < 0,—x > Oand f(—x) = 
3 sin(—x) +4 cos(—x) = —3 sinx+4cos x by definition. Hence, forx < 0, f(x) = 
—(—3sinx +4cosx) = 3sinx —4cos x. (It seems that y = 3 sinx +4 cos x might 
be sinusoidal; can you prove or disprove this?) a 


For a sinusoidal function y = asin[b(x + c)] + d, it is important to note the 
roles played by the constants a, b, c and d in its graph. Generally speaking, a is the 
amplitude of the curve, b is related to the period of the curve, c is related to the 
horizontal shift of the curve, and d is related to the vertical shift of the curve. To get a 
clearer picture, the reader might want to match the functions y = sin 3x, y = 2 cos 3, 
y = 3sin4x, y = 4cos(x — 30°), y= 5 sin i — 3, and y = 2sin[3(x + 40°)] +5 
with the curves shown in Figure 1.15. 
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Gp 


ae 
ean 


Figure 1.15. 


We leave it to the reader to show that if a, b, c, and d are real constants, then the 
functions y = acos(bx-+c)+d, y = asinx+bcos x, y = asin* x, and y = bcos* x 
are sinusoidal. Let f(x) and g(x) be two functions. For real constants a and b, the 
function af (x)+bg(x) is called a linear combination of f (x) and g(x). Is it true that 
if both of f(x) and g(x) are sinusoidal, then their linear combination is sinusoidal? 
In fact, it is true if f and g have the same period (or frequency). We leave this proof 
to the reader. Figure 1.16 shows the graphs of y; = sinx, y3 = sinx + t sin 3x, 
and ys = sinx + 5 sin 3x + k sin 5x. Can you see a pattern? Back in the nineteenth 
century, Fourier proved a number of interesting results, related to calculus, about the 
graphs of such functions y, as n goes to infinity. 


at 


Figure 1.16. 


The graphs of y = tanx and y = cot x are not continuous, because tan x is not 
defined for x = (2k + 1) - 90° and cot x is not defined for x = k - 180°, where k is 
an integer. The graph of tan x has vertical asymptotes at x = (2k + 1) - 90°; that is, 
as x approaches k - 180°, the values of tan x grow large in absolute value, and so the 
graph of the tangent function moves closer and closer to the asymptote, as shown in 
Figure 1.17. Similarly, the graph of cot x has vertical asymptotes at x = k - 180°. 
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Figure 1.17. 


A function f (x) is concave up (down) on an interval [a, b] if the graph of f(x) 
lies under (over) the line connecting (a1, f(a1)) and (b1, f(b1)) for all 


a<a<x<b <b. 


Functions that are concave up and down are also called convex and concave, re- 
spectively. In other words, the graph of a concave up function looks like a bowl that 
holds water, while the graph of a concave down function looks like a bowl that spills 
water. 

If f is concave up on an interval [a, b] and Ay, A2, ..., An (A — Greek “lambda") 
are nonnegative numbers with sum equal to 1, then 


Arf (1) + Ao f (2) ++ + An fn) = fre + Agx2 +--+ + Anxn) 


for any x1,x2,...,X, in the interval [a, b]. If the function is concave down, the 
inequality is reversed. This is Jensen’s inequality. Jensen’s inequality says that the 
output of a convex function at the weighted average of a group of inputs is less than 
or equal to the same weighted average of the outputs of the function at the group of 
inputs. 

It is not difficult to see that y = sin x is concave down for 0° < x < 180° and 
y = tan x is concave up for 0° < x < 90°. By Jensen’s inequality, for triangle ABC, 


we have B 
1 1 1 A+B+C 3 
g eos ee Som — = 


or sinA+sinB+sinC < es which is Introductory Problem 28(c). Similarly, 


we have tan A + tan B + tanC > 3./3. For those who know calculus, convexity 
of a function is closely related to the second derivative of the function. We can also 
use the natural logarithm function to change products into sums, and then apply 
Jensen’s inequality. This technique will certainly be helpful in solving problems 
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such as Introductory Problems 19(b), 20(b), 23(a) and (d), 27(b), and 28(b) and 
(c). Because the main goal of this book is to introduce techniques in trigonometric 
computation rather than in functional analysis, we will present solutions without 
using Jensen’s inequality. On the other hand, we certainly do not want the reader to 
miss this important method. In the second solution of Introductory Problem 51 and 
the solution of Advanced Problem 39, we illustrate this technique. 


The Extended Law of Sines 


Let ABC be a triangle. It is not difficult to show that [ABC] = apsin€ (For a proof, 
see the next section.) By symmetry, we have 


absinC — besnA _ casinB 
ir Sree. 


[ABC] = 


Dividing all sides of the last equation by we gives the law of sines: 


sin A sin B sin C a b Cc 
= = or — => a 
a b Cc sin A sin B sin C 
A 


No 
\) 
Figure 1.18. 


The common ratio =*; has a significant geometric meaning. Let be the cir- 


cumcircle of triangle ABC, and let O and R be the center and radius of @, re- 
spectively. (See Figure 1.18.) Then ZBOC = 22CAB. Let M be the midpoint of 
segment BC. Because triangle OBC is isosceles with |OB| = |OC| = R, it fol- 
lows that OM L BC andZBOM = ZCOM = CAB. Inthe right triangle BMO, 
|BM| = |OB\sin A; that is, 54, = 78M! — 2/0 B| = 2R. Hence, we obtain the 
extended law of sines: In a triangle ABC with circumradius equal to R, 


a b Cc 


=2R. 


sin A sin B sin A 
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Note that this fact can also be obtained by extending ray OB to meet w at D, and 
then working on right triangle ABD. 

A direct application of the law of sines is to prove the angle-bisector theorem: 
Let ABC be a triangle (Figure 1.19), and let D be a point on segment BC such that 
LBAD = LCAD. Then 


|AB| _ |BD| 
|AC| |CD| 


Applying the law of sines to triangle ABD gives 


|AB| |BD| |AB| sinZADB 
= a or =F 7 
sinZADB  sinZBAD |BD| sinZBAD 


|AC| _ sin ZADC 
Similarly, applying the law of sines to triangle AC D gives ICD = ae Because 


sin ZADB = sin ADC and sin ZBAD = sin CAD, it follows that ep = Or . 
as desired. 

This theorem can be extended to the situation in which AD, is the external bisector 
of the triangle (see Figure 1.19). We leave it to the reader to state and prove this version 
of the theorem. 


B D C B C Di 
Figure 1.19. 


Area and Ptolemy’s Theorem 


Let ABC be a triangle, and let D be the foot of the ;Deipendiculan line segment from 
Ato line BC (Figure 1.20). Then [ABC] = 2CUAPI Note that |AD| = |AB| sin B. 


Thus [ABC] = |BCl AB sin B _ = gesin B 
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A 
A 
- PD © 7 Cc oD P 
D D 
C 
\ 

A ae B A B 

Figure 1.20. 


In general, if P is a point on segment BC, then |AD| = |AP| sin ZAP B. Hence 
[ABC] = LAE Se More generally, let ABCD be a quadrilateral (not 
necessarily convex), and let P be the intersection of diagonals AC and BD, as shown 
in Figure 1.20. Then [ABC] = ACHBPIsin £APB ang [a pC] = ACHP PIsin APD 
Because ZAPB + ZAPD = 180°, it follows that sin APB = sin APD and 


|AC|sin ZAPB 
[ABCD] = [ABC] + [ADC] = ——————_(|BP| + |DP|) 


2 
__ |AC|-|BD| sin LAPB 
= 5 


Now we introduce Ptolemy’s theorem: In a convex cyclic quadrilateral ABC D 
(that is, the vertices of the quadrilateral lie on a circle, and this circle is called the 
circumcircle of the quadrilateral), 


|AC|-|BD| = |AB|-|CD|+ |AD|-|BC]. 


There are many proofs of this very important theorem. Our proof uses areas. The 
product |AC| - |BD| is closely related to [ABC D]. Indeed, 


1 
[ABCD] = 5 -|AC|-|BD|sin LAPB 


where P is the intersection of diagonals AC and BD. (See Figure 1.21.) 
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A 


Figure 1.21. 


Hence, we want to express the products |AB|-|C D| and |BC|-|DA| in terms of 
areas. To do so, we reflect B across the perpendicular bisector of diagonal AC. Let 
B, be the image of B under the reflection. Then AB BC is an isosceles trapezoid 
with BB, || AC, |AB| = |CB;|, and |AB,| = |CB|. Also note that By lies on the 
circumcircle of ABC D. Furthermore, AB = C B,, and so 

BiD BiC+CD  AB+CD 
LB\AD = = ES see — pe 
2 2 2 
Because AB,CD is cyclic, 2B; AD + £BijCD = 180°. Thus sinZBjAD = 
sin /B,CD = sin ZAP B. Because of symmetry, we have 


[ABCD] = [ABC] + [ACD] = [AB\C] + [ACD] 
= [AB,CD] = [AB,D]+[CB,D] 


1 
-|ABj|-|AD|sin 2B, AD + 5 - |CBi|- |CD|sinBiCD 


- sinZAPB(|BC|-|AD| + |AB|- |CD)). 


NLR NIE 


By calculating [ABC D] in two different ways, we establish 
1 1 
5° |AC|-|BD|sinZAPB = 50 sin ZAP B(|BC|-|AD|+ |AB|-|CD)), 


or |AC|-|BD| = |BC|-|AD|+ |AB|-|CD|, completing the proof of the theorem. 
In Introductory Problem 52, we discuss many interesting properties of the special 
angle ww The following is the first of these properties. 


Example 1.6. Prove that 


180° 360° 540° 
CSC = csc + csc 
7 7 7 
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Solution: Let a = . We rewrite the above equation as csca = csc 2a + csc 3a, 
or 


sin 2@ sin3@ = sina(sin 2a + sin3a@). 


We present two approaches, from which the reader can glean both algebraic compu- 
tation and geometric insights. 


e First Approach: Note that 3a + 4a = 180°, so we have sin3a@ = sin 4a. It 
suffices to show that 


sin 2@ sin3a@ = sina(sin 2a + sin 4a). 
By the addition and subtraction formulas, we have sin2a + sin4da = 


2 sin 3a cos a. Then the desired result reduces to sin 2a@ = 2 sina cosa, which 
is the double-angle formula for the sine function. 


Second Approach: caves a regular heptagon A; A2.. AT inscribed in a 


circle of radius R = 5 (Figure 1.22). Then each arc ArAu Aj+1 has measure 
a = 2a. 


As 


Aa 


Ai 


Ao 
Figure 1.22. 


By the extended law of sines, we have |A; A2| = |A, A7| = 2R sina = sina, 
|A2A4| = |A2A7| = sin2a, and |A;A4| = |A4A7| = sin3a. Applying 
Ptolemy’s theorem to the cyclic quadrilateral Aj A2A4A7 gives 

|A1 Aa] + |A2A7| = |A1A2| - |A4A7| + |A2Aal - |A7A1/; 


that is, 
sin 2@ sin3a@ = sina (sin 2@ + sin3@). 
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The fact that sina = sin, fora + B = 180°, has already helped us in many 
places. It also helped us to explain why either side-side-angle (SSA) or area-side- 
side information is not enough to determine the unique structure of a triangle. 


Example 1.7. Let ABC be a triangle. 


(a) Suppose that [ABC] = 10/3, |AB| = 8, and |AC| = 5. Find all possible 
values of ZA. 


(b) Suppose that |AB| = 5/2, |BC| = 5V3, and ZC = 45°. Find all possible 
values of ZA. 


(c) Suppose that |AB| = 5/2, |BC| = 5,and ZC = 45°. Find all possible values 
of ZA. 


(d) Suppose that |AB| = 5/2, |BC| = 10, and ZC = 45°. Find all possible 
values of ZA. 


(e) Suppose that |AB| = 5/2, |BC| = 15, and ZC = 45°. Find all possible 
values of ZA. 


Solution: 


(a) Note that b = |AC| = 5,c = |AB| = 8, and [ABC] = sbesin A. Thus 
sin A = as and A = 60° or 120° (A, and A2 in Figure 1.23). 


the law o sines, we have => or sin = >-. hence — or 
(b) By the law of si have 2C — |ABl or sin A = ¥3. Hence A = 60° 


sinA ~ sinC’ 
120°. 
(c) By the law of sines, we have [BC — aly orsinA = 7 Hence A = 30° only 


(A3 in Figure 1.23)! (Why?) 


(d) By the law of sines, we have sin A = 1, and so A = 90°. (Aq in Figure 1.23) 


(e) By the law of sines, we have sin A = 3, which is impossible. We conclude 


that there is no triangle satisfying the conditions of the problem. a 
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Figure 1.23. 


Example 1.8. [AMC12 2001] In triangle ABC, ZABC = 45°. Point D is on segment 
BC such that 2|B D| = |CD| and ZDAB = 15°. Find ZACB. 


First Solution: We construct this triangle in the following way: Fix segment BC, 
choose point D on segment BC such that 2|BD| = |CD| (Figure 1.24, left), and 
construct ray BP such that PBC = 45°. Let A be a point on ray BP that moves 
from B in the direction of the ray. It is not difficult to see that DAB decreases as A 
moves away from B. Hence, there is a unique position for A such that DAB = 15°. 
This completes our construction of triangle ABC. 

This figure brings to mind the proof of the angle-bisector theorem. We apply the 
law of sines to triangles ACD and ABC. Set a = (CAD. Note that CDA = 
LCBA+ LDAB = 60°. We have 


ICD| ICA| |BC| ICA| 
= and 


sina — sin60° sin(@a+15°) sin 45°" 
Dividing the first equation by the second equations gives 


|C D| sin(a + 15°) _ sin 45° 
|BC| sina ~~ sin 60°" 


jee 2 
Note that [C?! — 2 — (3243 ) . It follows that 


IBC] — 3 sin 60° 
sin45°\> sina sin 45° 
sin60°) — sin(a+ 15°) sin60°" 


It is clear that a = 45° is a solution of the above equation. By the uniqueness of our 
construction, it follows that ABC = 45°, CAB = 60°, and ACB = 75°. 
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C 


B A B A 
Figure 1.24. 


Second Solution: Note that 2C DA = 60° and that sin 30° = 7 We construct point 
E on segment AD (Figure 1.24, right) such that CE | AD. Then in triangle CDE, 
LDCE = 30° and |DE| = |CD|sinZDCE, or |CD| = 2|DE|. Thus triangle 
BDE is isosceles with |DE| = |DB|, implying that DBE = ZDEB = 30°. 
Consequently, ZCBE = ZBCE = 30° and ZEBA = LEAB = 15°, and so 
triangles BCE and BAE are both isosceles with |CE| = |BE| = |EA|. Hence 
the right triangle AEC is isosceles; that is, ACE = ZLEAC = 45°. Therefore, 
LACB = LACE + LECB =75°. a 


For a function f : A > B, if f(A) = B, then f is said to be surjective (or 
onto); that is, every b € B is the image under f of somea € A. If every two distinct 
elements a; and a2 in A have distinct images, then f is injective (or one-to-one). If 
f is both injective and surjective, then f is bijective (or a bijection or a one-to-one 
correspondence). 

The sine and cosine functions are functions from the set of angles to the real 
numbers. The images of the two functions are the real numbers between —1 and 1. 
For a point P = (x, y) with polar coordinates (1, @) on the unit circle, it is clear 
that the values x = cos@ and y = sin@ vary continuously from —1 to 1, taking 
on all intermediate values. Hence the functions are surjective functions from the 
set of angles to the interval [—1, 1]. On the other hand, these two functions are not 
one-to-one. It is not difficult to see that the sine function is a bijection between the 
set of angles a with —90° < a < 90° and the interval [—1, 1], and that the cosine 
function is a bijection between the set of angles a@ with O° < a < 180° and the 
interval [—1, 1]. For abbreviation, we can write that sin : [—90°, 90°] — [—1, 1] is 
a bijection. It is also not difficult to see that the tangent function is a bijection between 
the set of angles a with —90° < a < 90° (0° < a < 90°, or 0° < a < 90°) and the 
set of real numbers (positive real numbers, or nonnegative real numbers). 

Two functions f and g are inverses of each other if f(g(x)) = x for all x in the 
domain of g and g(f (x)) = x forall x in the domain of f. Ifthe function f is one-to- 
one and onto, then it is not difficult to see that f has an inverse. For a pair of functions 
f and g that are inverses of each other, if y = f(x), then g(y) = g(f(x)) = x; that 
is, if (a, b) lies on the graph of y = f(x), then (b, a) lies on the graph of y = g(x). 
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It follows that the graphs of y = f(x) and y = g(x) are reflections of each other 
across the line y = x. For real numbers x with —1 < x < 1, there is a unique angle 
6 with —90° < 6 < 90° such that sin@ = x. Hence we define the inverse of the sine 
function, denoted by sin~! or arcsin, in sucha way that sins! x =6@for—1 <x <1 


and —90° < 6 < 90°. It is important to note that sin~! x is not (sinx)~! or — 


Figure 1.25. 


Similarly, we can define the inverse functions of tan x and cot x. They are denoted 
by tan~! x (or arctan x) and cot! x. Both functions have domain R. Their ranges 
are {9 | —90° < 6 < 90°} and {8 | —90° < 6 < 90°,0 4 0°}. They are both 
one-to-one functions and onto functions. Their graphs are shown below. Note that 
y = arctan x has two horizontal asymptotes y = 90 and y = —90. Note also that 
y = cot! x has two pieces, and both of them are asymptotic to the line y = 0. See 
Figure 1.26. 


Figure 1.26. 


Note that y = cosx is one-to-one and onto from {0 | 0° < 6 < 180°} to the 
interval [—1, 1]. While the domain of cos~! x (or arccos x) is the same as that of 
arcsin x, the range of cos! x is {0 | 0° < 6 < 180°}. See Figure 1.27. 
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Figure 1.27. 


The graphs of y = sin! (sin x), y= cos! (cosx), y = sin (sin—! x), y= 
cos (cos! x), y= cos! (sin x), y= sin-! (cos x), y = sin (cos-! x), and 
y = cos (sin7! x) are interesting and important. We leave it to the reader to complete 
these graphs. We close this section with three examples of trigonometric substitution. 


Example 1.9. Let x9 = 2003, and let x,+) = = forn > 1. Compute x2904. 


Solution: With a little algebraic computation, we can show that this sequence has 
a period of 4; that is, X44 = x, for alln > 1. But why? We reveal the secret with 
trigonometric substitution; that is, we define a, with —90° < a, < 90° such that 
tana@, = Xp. It is clear that if x, is a real number, such an qa, is unique, because 
tan : (—90°, 90°) — Risa bijection. Because 1 = tan 45°, we can rewrite the given 


condition as 


tan 45° + tanay 
tana = ——__—— = tan(45° +a), 
a 1 — tan 45° tan ay, ( n) 


by the addition and subtraction formulas. Consequently, aj+; = 45° + a,, or 
On41 = 45° + a, — 180° (because tan has a period of 180°). In any case, it is not 
difficult to see that a,44 = a, + k - 180° for some integer k. Therefore, x,44 = 
tanQn44 = tana, = Xy; that is, the sequence {x,},>0 has period 4, implying that 
Xx2004 = X09 = 2003. a 


Example 1.10. Prove that among any five distinct real numbers there are two, a and 
b, such that |ab + 1| > |a — DI. 


Solution: Write the numbers as tan xz, where —90° < x, < 90°,k = 1,2,3,4,5. 
We consider the intervals (—90°, —45°], (—45°, 0°], (0°, 45°], and (45°, 90°]. By 
the pigeonhole principle, at least two of x1, x2, x3, x4, x5 lie in the same interval, 
say x; and x;. Then |x; — x;| < 45°, and setting a = tan x; and b = tan x;, we get 


tan x; — tan x; 


= | tan(x; — x;)| < tan 45° = 1, 


a—b _ 
l+ab| 


1 + tan x; tan x; 


and hence the conclusion follows. | 
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Example 1.11. Let x, y, z be positive real numbers such that x+ y+z = 1. Determine 
the minimum value of 


Solution: An application of Cauchy—Schwarz inequality makes this is a one-step 
problem. Nevertheless, we present a proof which involves only the easier inequality 
x? + y* > 2xy for real numbers x and y, by setting first x = tanb and y = 2tanb 
and second x = tana and y = cota. 

Clearly, z is a real number in the interval [0, 1]. Hence there is an angle a such that 
z = sin’ a. Then x + y = 1 —sin? a = cos*a, or aoa = |. Foran angle b, 
we have cos? b + sin? b = 1. Hence, we can set x = cos“ a cos 2 
for some angle b. It suffices to find the minimum value of 


at) 
cos? a 
2b, y = cos? a sin? b 


2 


P = sec” asec? b +4sec? acsc” b + 9 csc’ a, 


or 
P = (tan* a + 1)(tan? b + 1) + 4(tan* a + 1)(cot” b + 1) + 9(cot? a + 1). 
Expanding the right-hand side gives 
P = 14+ 5tan?a+ 9cot* a + (tan? b + 4 cot” b)(1 + tan? a) 


> 14+ Stan?a + 9cot?a + 2tanb - 2cotb (1+ tan*a) 


= 18 + 9(tan* a + cot” a) > 18+ 9-2tanacota = 36. 


Equality holds when tana = cota and tan b = 2 cot b, which implies that cos? a = 


sin* a and 2cos*b = sin* b. Because sin? 6 + cos?@ = 1, equality holds when 


cos* a = 4 and cos” b = 4; thatis,x = 4,y = 4,Z= 5. | 


Ceva’s Theorem 


A cevian of a triangle is any segment joining a vertex to a point on the opposite side. 


[Ceva’s Theorem] Let AD, BE, CF be three cevians of triangle A BC. The follow- 
ing are equivalent (see Figure 1.28): 


(1) AD, BE, CF are concurrent; that is, these lines pass a common point; 


snZABE sinZBCF sinZCAD _ 


2 . . i fi 
(2) sinZDAB sinZEBC sin/FCA , 
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|AF| |BD| |CE| _ 
|FB| |DC| |EA| — 


(3) 


We will show that (1) implies (2), (2) implies (3), and then (3) implies (1). 


A 


D C 
Figure 1.28. 


Assume that part (1) is true. We assume that segments AD, BE, and CF meet at 
point P. Applying the law of sines to triangle ABP yields 


snZABE — sinZABP _ |AP| 
sinZDAB sinZPAB |BP|’ 


Similarly, applying law of sines to triangle BC P and CAP gives 


sinZBCF  |BP| 4 sinZCAD_ |CP| 
= an co , 
sinZEBC  |CP| sinZFCA  |AP| 


Multiplying the last three identities gives part (2). 
Assume that part (2) is true. Applying the law of sines to triangles ABD and ACD 
gives 
|AB| sinZADB |DC|  sinZCAD 
|BD| sin DAB |CA|  sinZADC’ 


Because ADC + LADB = 180°, we have sin ADB = sin ZADC. Multiplying 
the above identities gives 


and 


|DC| |AB| _ sinZCAD 
|BD| |CA| sinZDAB’ 


Likewise, we have 


|AE| |BC|  sinZABE IBF| |CA|  sinZBCF 
: = an . = - 
|EC| |AB|  sinZEBC |FA| |BC|  sinZFCA 


Multiplying the last three identities gives part (3). 
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A 


B 
Di C 
Figure 1.29. 


Assume that part (3) is true. Let segments BE and CF meet at P, and let ray AP 
meet segment BC at D, (Figure 1.29). It suffices to show that D = Dj. Cevians 
AD,, BE, and CF are concurrent at P. By our discussions above, we have 


|AF| |BDil|_ |CE| _ 
|FB| |DiC| [EAI 


_ |AF| |BD| |CE| 


l= ’ 
|FB| |DC| |EA| 


implying that ot = per Because both D and D; lie on segment BC, we conclude 


that D = Dj, establishing part (1). 

Using Ceva’s theorem, we can see that the medians, altitudes, and angle bisectors 
of a triangle are concurrent. The names of these concurrent points are the centroid 
(G), orthocenter (H), and incenter (J), respectively (Figure 1.30). If the incircle 
of triangle ABC touches sides AB, BC, and CA at F, D, and E, then by equal 
tangents, we have |AE| = |AF|, |BD| = |BF|, and |CD| = |CE|. By Ceva’s 
theorem, it follows that lines AD, BE, and CF are concurrent, and the point of 
concurrency is called the Gergonne point (Ge) of the triangle. All these four points 
are shown in Figure 1.30. Given an angle, it is not difficult to see that the points 
lying on the bisector of the angle are equidistant from the rays forming the angle. 
Thus, the intersection of the three angle bisectors is equidistant from the three sides. 
Hence, this intersection point is the center of the unique circle that is inscribed in 
the triangle. That is why this point is the incenter of the triangle. 


A 


Figure 1.30. 


Note that Ceva’s theorem can be generalized in a such a way that the point of 
concurrency does not necessarily have to be inside the triangle; that is, the cevian 
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can be considered as a segment joining a vertex and a point lying on the line of the 
opposite side. The reader might want to establish the theorem for the configuration 
shown in Figure 1.31. 


B C D 


Figure 1.31. 


With this general form in mind, it is straightforward to see that in a triangle, the 
two exterior angle bisectors at two of its vertices and the interior angle bisector at 
the third vertex are concurrent, and the point of concurrency is the excenter of the 
triangle opposite the third vertex. Figure 1.32 shows the excenter /, of triangle ABC 
opposite A. Following the reasoning of the definition of the incenter, it is not difficult 
to see that /, is the center of the unique circle outside of triangle A BC that is tangent 
to rays AB and AC and side BC. 


B 
Figure 1.32. 


The following example is another good application of Ceva’s theorem. 


Example 1.12. [IMO 2001 Short List] Let A; be the center of the square inscribed in 
acute triangle ABC with two vertices of the square on side BC (Figure 1.33). Thus 
one of the two remaining vertices of the square lies on side AB and the other on 
segment AC. Points B, and C\ are defined in a similar way for inscribed squares with 
two vertices on sides AC and AB, respectively. Prove that lines AA;, BB,, CC, 
are concurrent. 
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Solution: 


Al 


D A E 
Figure 1.33. 


Let line AA; and segment BC intersect at Az. We define Bz and C2 analogously. 
By Ceva’s theorem, it suffices to show that 


sinZBAA, sinZCBB) sinZACC) 


sinZA>AC sinZB>BA sinZ@>CB 


Let the vertices of the square be DET S, labled as shown in Figure 1.33. Applying 
the law of sines to triangles ASA, and AT A, gives 


JAAi| _sinZASA; _ sinZASAy , |TAil _ sin ZAiAT _ sin LArAC 


[SA}| sinZSAA, sinZBAA, |AAq| sinZATA,  sinZATA,_ 


Because |A,S| = |A,T| and ZASA; = B+45° and ZAT A; = C+45°, multiplying 
the above identities yields 

_ |AAi| |TAi| — sinZASA, sin ZA,AC 

~ |SAi| |AA,|— sinZBAA2 sinZAT A,’ 


implying that 
sin BAA? 7 sin ASA, sin(B + 45°) 


sinZA2AC sinZATA, _ sin(C + 45°)’ 


In exactly the same way, we can show that 


sinZCBBy _ sin(C + 45°) sinZACC)  sin(A + 45°) 


snZB,BA  si(A4+45°) ~~ en ZGQCR  sin(B 445°)" 


Multiplying the last three identities establishes the desired result. a 


Naturally, we can ask the following question: Given a triangle ABC, how does 
one construct, using only a compass and straightedge, a square DE EF D, inscribed 
in triangle ABC with D and E on side BC? 
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A homothety (or central similarity, or dilation) is a transformation that fixes one 
point O (called its center) and maps each point P toa point P’ for which O, P, and 
P’ are collinear and the ratio OP : OP’ = k is constant (k can be either positive or 
negative). The constant k is called the magnitude of the homothety. The point P’ is 
called the image of P, and P the preimage of P’. 

We can now answer our previous question. As shown in Figure 1.34, we first con- 
struct a square BC E> D> outside of triangle ABC. (With compass and straightedge, 
it is possible to construct a line perpendicular to a given line. How?) Let lines A D2 
and AE meet segment BC at D and E, respectively. Then we claim that D and 
E are two of the vertices of the square that we are looking for. Why? If line D2 E2 
intersects lines AB and AC at Bz and Co, then triangles ABC and AB2C? are ho- 
mothetic (with center A); that is, there is a dilation centered at A that takes triangle 
ABC, point by point, to triangle A BC). It is not difficult to see that the magnitude 
of the homothety is aa = aah = ae . Note that square BC ED? is inscribed 
in triangle AB2C2. Hence D and E, the preimages of D2 and E42, are the two desired 
vertices of the inscribed square of triangle ABC. 


Br D> BE 


Figure 1.34. 


Menelaus’s Theorem 


While Ceva’s theorem concerns the concurrency of lines, Menelaus’s theorem is 
about the collinearity of points. 
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[Menelaus’s Theorem] Given a triangle ABC, let F, G, H be points on lines BC, 
CA, AB, respectively (Figure 1.35). Then F, G, H are collinear if and only if 


|AH| |BF| |CG| _ 
|HB| |FC| |GA| — 


This is yet another application of the law of sines. Applying the law of sines to 
triangles AGH, BF H, and CFG yields 


|AH|  sinLAGH |BF|_ sinZBHF  |CG| _ sin<GFC 
IGA| sinZGHA’ |HB| sinZHFB’ |FC| sinZCGF’ 


Multiplying the last three identities gives the desired result. (Note that sin AGH = 


snZCGF, sinZBHF = snZGHA, and = sin/GFC — 
sin ZH FB.) 
A G 
H 
a A 
G 


Figure 1.35. 
Menelaus’s theorem is very useful in geometric computations and proofs. But 


most such examples relate more to synthetic geometry approaches than trigonometric 
calculations. We do not discuss such examples in this book. 


The Law of Cosines 
[The Law of Cosines] In a triangle ABC, 
ICA|? = |AB|? + |BC|* — 2|AB|- |BC| cos ZABC 
or, using standard notation, 
b* =? +a* — 2cacos B, 


and analogous equations hold for |AB|? and |BC|?. 
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C C 


B A B 
D 7 
Figure 1.36. 


Indeed, let D be the foot of the perpendicular line segment from C to the line AB 
(Figure 1.36). Then in the right triangle BC D, |B D| = acos B and |CD| = asin B. 
Hence, | DA| = |c—acos B|; here we consider the two configurations 0° < A < 90° 
and 90° < A < 180°. Then in the right triangle AC D, we have 


b* = |CA/? = |CD/? + |AD/? = a’ sin? B + (c — acos B)* 


=a’ sin? B + c? +a’ cos” B — 2accos B 


=c’ +a” — 2cacos B, 


by noting that sin’ B + cos* B = 1. 

From the length of side AB, (including) angle ZA BC, and the length of side BC, 
by the law of cosines, we can compute the length of the third side BC. This is called 
the SAS (side—angle—side) form of the law of cosines. On the other hand, solving 
for cos ZABC gives 


|AB|? + |BC|* — |CA/? 


cos ABC = : 
2|AB|-|BC| 
or 
2 2 2 
—b 
cos B = a Ma 
2ca 


and analogous formulas hold for cos C and cos A. This is the SSS (side—side—side) 
form of the law of cosines. 


The Law of Cosines in Action, Take I: Stewart’s Theorem 


[Stewart’s Theorem] Let ABC be a triangle, and let D be a point on BC (Figure 
1.37). Then 


|BC| (JAD? + |BD| CDI) =|AB/?-|CD| +|AC/?- |BDI. 
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A 


D 
Figure 1.37. 


We apply the law of cosines to triangles ABD and ACD to obtain 


|AD|? + |BD|? — |AB|? 
2|AD|-|BD| 


cos ADB = 


and 
|AD|? + |CD|? — |AC/? 


2|AD|-|CD| 
Because ADB + LADC = 180°, cos ADB + cos ZADC = 0; that is, 


cos ADC = 


|AD|?+|BD|? —|AB\?_ |AD|? + |CD|? —|AC/??__ 
2|AD|-|BD| 2|AD|-|CD| 
Multiplying 2AD - BD - CD on both sides of the last equation gives 


ICD| (IAD? + |BDP — |ABI?) + |BD| (iADP +|CD/? — |ACI?) — 0, 


or 
|AB|* -|CD| + |AC|? -|BD| 


= |CD| (JAD? |BD/’) +|BD| (iADP +4 CDI’) 
= (|CD| + |BD|)|AD|? + |BD| -|CD\(|BD| + |CD)) 
= |BC|(|AD|? + |BD|-|CD)). 


Setting D = M, the midpoint of segment BC, we can compute the length of the 
median AM as a special case of Stewart’s theorem. We have 


|AB|* -|CM| +|AC|* -|BM| = |BM|(|AM/? +|BM|-|CM}), 
or 


2 a a) a ( 2 a =) 

(ob bese |AMP hs), 

c ies 5 a(| ie 5 
It follows that 2c? + 2b? = 4|AM/? + a’, or 

2p? I¢2 — pA 

AMP = OS 


which is the median formula. 
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The Law of Cosines in Action, Take II: Heron’s Formula 
and Brahmagupta’s Formula 


[Brahmagupta’s Formula] Let ABC D be a convex cyclic quadrilateral (Figure 


1.38). Let |AB| =a, |BC| = b, |CD| =c, |DA| =d,ands = (a+b+c+d)/2. 
Then 


[ABCD] = /(s a)(s — b)(s —c)(s — d). 


, 


Cc 
Figure 1.38. 


Let B = ABC and D = ZADC. Applying the law of cosines to triangles ABC 
and DBC yields 


a’ + b? — 2abcos B = AC* = c? +d? — 2cd cos D. 
Because ABC D is cyclic, B + D = 180°, and so cos B = — cos D. Hence 


a+b? —c—d 
2(ab + cd) 


cos B = 


It follows that 


sin’? B = 1 —cos? B= (1+ cos B)(1 — cos B) 
(14 te =") (1 ate t) 
2(ab + cd) 2(ab + cd) 
a? +b? + 2ab — (c? + d* —2cd) c? + d* +2cd — (a* + b* — 2ab) 
2(ab + cd) 2(ab + cd) 


[(a +b)? — (c —d)*][(c + d)* — (a— b)”] 
4(ab + cd)? , 


Note that 


(a+b)? —(c—d) =(at+tb+c—d)(atb+d-—c) =4(s —d)(s —c). 
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Likewise, (c + d)? — (a — b)* = 4(s — a)(s — b). Therefore, by observing that 
B+ D= 180° and 0° < B, D < 180°, we obtain 


24/(5 — a)(s — b)(s — e)(s — d) 
ab+cd : 


sin B = sin D= 


or 


5 (ab+ed)sinB = JG a)(s — b)(s —c)(s — d). 
Now, 


1 1 
[ABC] = 5|AB| -|BC|sin B = 5 - absin B. 


Likewise, we have [DBC] = , - cd sin B. Thus, 


[ABCD] = [ABC]+[DBC] = ; - (ab + cd) sin B 


= /(s a)(s — b)(s —c)(s — d). 


This completes the proof Brahmagupta’s formula. 
Further assume that there is a also circle inscribed in ABC D (Figure 1.39). Then 
by equal tangents, we havea +c =b+d=s,andso [ABCD] = Vabcd. 


A 


D 


Cc 


Figure 1.39. 


{Heron’s Formula] The area of a triangle ABC with sides a, b, c is equal to 


[ABC] = /s(s —a)(s — b)(s — 0), 


where s = (a+ b+ c)/2 is the semiperimeter of the triangle. 

Heron’s formula can be viewed as a degenerate version of Brahmagupta’s for- 
mula. Because a triangle is always cyclic, we can view triangle ABC as a cyclic 
quadrilateral ABCD with C = D (Figure 1.39, right); that is, CD = 0. In this 
way, Brahmagupta’s formula becomes Heron’s formula. For the interested reader, it 
is a good exercise to prove Heron’s formula independently, following the proof of 
Brahmagupta’s formula. 
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The Law of Cosines in Action, Take III: Brocard Points 


We will show that inside any triangle ABC, there exists a unique point P (Figure 
1.40) such that 
LPAB=LPBC=ZPCA. 


c 


P 


B A 
Figure 1.40. 


This point is called one of the two Brocard points of triangle ABC; the other 
satisfies similar relations with the vertices in reverse order. Indeed, if /PAB = 
/ PCA, then the circumcircle of triangle AC P is tangent to the line AB at A. If S is 
the center of this circle, then S lies on the perpendicular bisector of segments AC, 
and the line SA is perpendicular to the line AB. Hence, this center can be constructed 
easily. Therefore, point P lies on the circle centered at S$ with radius |S A| (note that 
this circle is not tangent to line BC unless |BA| = |BC|). We can use the equation 
/PBC = £PCA to construct the circle passing through B and tangent to line AC 
at C. The Brocard point P must lie on both circles and be different from C. Such a 
point is unique. The third equation PAB = 2 PBC clearly holds. 


Figure 1.41. 


We can construct the other Brocard point in a similar fashion, but in reverse order. 
We can also reflect lines AP, BP, and CP across the angle bisectors of CAB, 
LABC, and Z BCA, respectively (Figure 1.41). Then by Ceva’s theorem, these three 


40 103 Trigonometry Problems 
new lines are also concurrent, and the point of concurrency is the second Brocard 


point. This is the reason we say that the two Brocard points are isogonal conjugates 
of each other. 


a 


Figure 1.42. 


Example 1.13. [AIME 1999] Point P is located inside triangle ABC (Figure 1.42) 
so that angles PAB, PBC, and PCA are all congruent. The sides of the triangle 
have lengths |AB| = 13,|BC| = 14, and|CA| = 15, and the tangent of angle PAB 
is m/n, where m and n are relatively prime positive integers. Find m + n. 


Solution: Leta = PAB = PBC = £PCA and let x, y, and z denote |PA|, 
|PB|, and |PC|. Apply the law of cosines to triangles PCA, PAB, and PBC to 
obtain 


x? = 27+ b* — 2bzcos a, 


y? = x*+c* —2cx cosa, 


= y? a= 2ay cosa. 


Sum these three equations to obtain 2(cx +ay + bz) cosa = a? +b? +c?. Because 
the combined area of triangles PAB, PBC, and PCA is equal to fextaytb2) sing 
the preceding equation can be rewritten as 


4[ABC] 


tana = =—_.—- 
eth pe 


With a = 14, b = 15, and c = 13, use Heron’s formula to find that [ABC] = 84. 


It follows that tana = 58, som-+n = 463. | 
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In general, because 4[A BC] = 2ab sin C = 2bc sin A = 2ca sin B, we have 


1 e+ht+c a b? oe 
cota = = = ; + : + ; 
tan a 4[ABC] 2bcesinA 2casinB  2absinC 
sin? A sin? B sin? C 


2sinBsinCsinA 2sinCsinAsinB 2sinAsinBsinC 
_ sin? A + sin? B + sin? C 
2 sin A sin B sinC 


by the law of sines. 
There is another symmetric identity: 


esc? a = csc” A + csc” B + csc” C. 
Because PCA+ PAC = ZPAB+ZPAC = ZCAB, it follows that CPA = 
180° — CAB, and so sinCPA = sin A. Applying the law of sines to triangle 
CAP gives 


x b bsina 
Se , oO x= ; 
sina sinZCPA sin A 
Similarly, by working with triangles ABP and BCP, we obtain y = Gi" and 
z= Gio. Consequently, 
ICAP] 1 in CPA 1 asina bsina . A 
= —zx sin =H. . - sin 
aa 2° ‘sinC | sin A 
absinC sin’a sin? a 
a : = [ABC]- : 
2 sin? C sin? C 


Likewise, we have [ABP] = [ABC] - sina and [BCP] = [ABC]- a Adding 
the last three equations gives 


sin?a  sinta  sin?a ) 
> 


sin®?C  sin?A sin? B 


[ABC] = [ABC] ( 


implying that csc? a = csc? A + csc” B + esc C. 


Vectors 


In the coordinate plane, let A = (x1, y,) and B = (x2, y2). We define the vector 
AB = [x2 —X1, Yo — y;], the displacement from A to B. We use a directed segment 
to denote a vector. We call the starting (or the first) point (in this case, point A) the 
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tail of the vector, and the ending (or the second) point (B) the head. It makes sense 


to write the vector AC as the sum of vectors AB and BC, because the composite 
displacements from A to B and B to C add up to the displacement from A to C. 
For example, as shown in Figure 1.43, left, with A = (10,45), B = (30,5), and 


—> —> —> 
C = (35, 20), then AB = [20, —40], BC = [5, 15], and AC = [25, —25]. 


y t A y { 
—> 
AC 
E 
=> 
AB B 
Cc A Cc 
BC 
+ B > > 
O x D O x 
Figure 1.43. 


In general (Figure 1.43, right), if u = [a,b] and v = [m,n], thenu+v = 
[a+m, b+n]. If we put the tail of u at the origin, then its head is at point A = (a, b). 
If we also put the tail of v at the origin, then its head is at point B = (m,n). Then 

a es = 
u+v= O0OA+ OB = OE, and OAEB isa parallelogram. We say that vector OA 
is ascalar multiple of OC if there is a constant c such that oc = [ca, cb], and c is 
called the scaling factor. For abbreviation, we also write [ca, cb] as c[a, b]. If the 
vector OA is a scalar multiple of oc, it is not difficult to see that O, A, and C are 
collinear. If c is positive, then we say that the two vectors point in the same direction; 
if c is negative, we say that the vectors point in opposite directions. 

We call a2 + b? the length or magnitude of vector u, and we denote it by |ul. 
Ifa 4 0, we also call B the slope of the vector; if a = 0, we say that u is vertical. 
(These terms are naturally adapted from analytic geometry.) We say that vectors are 
perpendicular to each other if they form a 90° angle when placed tail to tail. By 
properties of slopes, we can derive that u and v are perpendicular if and only if 
am + bn = 0. We can also see this fact by checking that |O A|? + |OB|? = |AB/’; 
that is, |u|? + |v|? = Ju— v|*. It follows that u and vy are perpendicular if and only if 
(a? +b?) + (m? +n?) = (a—m)? + (b—n)’, or am + bn = 0 (Figure 1.44, left). 
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A 4 
y y 
2 A’ C 
A 
A 
a O B B’ . x 
Figure 1.44. 


Note that the diagonals of a rhombus bisect the interior angles (Figure 1.44, right). 
—=>7 —= 

Because verlots ON= ML and OR luly have the same length, we note that 
if vectors OA, OB’, and OC’ = = OA’ + OB’ = |v|ju + |ulv are placed tail to tail, 
— — —= 
OC’ bisects the angle formed by vectors OA’ and OB’, which is the same as the 
angle formed by vectors u and v. 

A vector contains two major pieces of information: its length and its direction 
(slope). Hence vectors are a very powerful tool for dealing with problems in analytic 
geometry. Let’s see some examples. 


Example 1.14. Alex started to wander in Wonderland at 11:00 a.m. At 12:00 p.m., 
Alex was at A = (5, 26); at 1:00 p.m., Alex was spotted at B = (—7, 6). If Alex 
moves along a fixed direction at a constant rate, where was Alex at 12:35 p.m.? 11:45 
a.m.? 1:30 p.m.? At what time and at what location did Alex cross Sesame Street, 
the y axis? 


Solution: As shown in Figure 1.45, left, let A3, A,, Aq denote Alex’s positions 
at 12:35 p.m., 11:45 p.m., and 1:30 p.m., respectively. It took Alex 60 minutes 


to move along the vector Soe = [—12, —20]. Hence news was dislocated by vector 
Ta. — 33ab — _ _15qp 
AA3 = GAB = |- —— at 12:35 p.m. Similarly, AA, = —pAB = [3,5] 
TA, — 04p 
and AA4 = AB = [—18, —30]. Let O = (0, 0) be the origin. Then we find that 
OA3 = OA + AAG = [-2, 43] and A3 = (—2, 48). Likewise, Ay = (8,31) and 
Ag = (—13, —A4). 
Let Ar = (0, b) denote the point at which Alex crosses Sesame Street. Assume 


that it took f minutes after 12:00 p.m. for Alex to cross ee Street. Then AA2 = 
> > > > 

wOA\ and OA2 = cai that is, [0, b] = B, 26] + al- 12, —20]. It follows 

that [0, b] = [5 — —,26— f]. Solving 0 =5— 5 gives t = 25, which implies that 
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b = 26 — 2 = 2. Therefore, at 12:25 p.m., Alex crossed Sesame Street at point 
(0. 3). | 
A 
Pi 
P 
Ai B 
Ai/A 
A3 
B 
As/ O O 


Figure 1.45. 


Example 1.15. Given points A = (7, 26) and B = (12, 12), find all points P such 
that |A P| = |BP| and APB = 90° (Figure 1.45, right). 


Solution: Note that triangle AB P is an isosceles right triangle with |A P| = |B P|. 
Let M be the midpoint of segment AB.Then M = (¥, 19), |MA| = |MB|=|MP\, 
WTA 5 WP 5 5 
and MA 1 MB. Thus MA =|3,-7], and MP = |7, 3] or MP = —|7, $]. Let 
ie AP PAPA Aa 19 5 
O = (0,0) be the origin, It follows that OP = OM + MP =[¥, 19] +[7. 5]. 
Consequently, P = (3, 3) or P= G. 3). | 


For each of the next two examples, we present two solutions. The first solution 
applies vector operations. The second solution applies trigonometric computations. 


Example 1.16. [ARML 2002] Starting at the origin, a beam of light hits a mirror (in 
the form of a line) at point A = (4, 8) and is reflected to point B = (8, 12). Compute 
the exact slope of the mirror. 


Note: The key fact in this problem is the fact that the angle of incidence is equal 
to the angle of reflection; that is, if the mirror lies on line PQ, as shown in Figure 
1.46, left, then ZOAQ = ZPAB. 


First Solution: Construct line ¢ such that 2 _L PQ.Then line @ bisects angle ZO AB. 
> > 
Note that |AB| = ath —4)24+ (12-8)? = 4,/2 and |AO| = V42 + 82 = 4,5. 
Thus, vector /5 - AB + /2- AO bisects the angle formed by AO and AB: that 
> > 
is, this vector and line @ have the same slope. Because V5-AB+/J72-AO = 
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[4vs — 4/2, 4/5 — 8v2|, the slope of line @ is iy-tvZ = — and so the 
slope of line PQ is 
V5—-JV2 — (V5—V2)(2V24+ V5) — Y10+1 


WI=I5 Ost=/)CV24/5) 3 


Second Solution: Let £; and £2 denote two lines, and for i = | and 2, let m; and 6; 
(with 0° < 6; < 180°) denote the slope and the polar angle of line ¢;, respectively. 
Without loss of generality, we assume that 0; > 62. If @ is the polar angle formed by 
the lines, then 6 = 6; — @) and 


tan 6; — tan 62 m,—™my2 
tan@ = = 
1+ tan 6) 62 1—mm2 


by the addition and subtraction formulas. 
Let m be the slope of line PQ. Because lines OA and AB have slopes 2 and 1, 
respectively, by our earlier discussion we have 


m—1 2—m 
— =tan/PAB=tan/QAO = : 
l+m 1+2m 
or (m — 1)(1 + 2m) = (2—m)(1 +m). It follows that 3m? — 2m — 1 = 0, or 
m= ee It is not difficult to see that m = L710 is the answer to the problem. 
(The other value is the slope of line £, the interior bisector of ZOAB.) | 
P B 
A B 
M 
A 
O es 


Figure 1.46. 


Example 1.17. [AIME 1994] The points (0, 0), (a, 11), and (b, 37) are the vertices 
of an equilateral triangle (Figure 1.46, right). Find ab. 
In both solutions, we set O = (0,0), A = (a, 11), and B = (b, 37). 


First Solution: Let M be the midpoint of segment AB. Then M = (42, 24), 
OM L MA, and |OM| = V3|MA|. Because AM = (452, —13), it follows that 
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OM = V3/13, 452]. H atb 94) — /3[13, 42): that i 
= v3[13, S*]. Hence, [%°, 24] = v3 [13, 5°]; that is, 


b —b 
= 13/3 and —— = 8v3. 


Adding the last two equations gives a = 21,/3, and subtracting the second equation 
from the first equation gives b = 5./3. Consequently, ab = 315. a 


Second Solution: Let /a denote the angle formed by ray OA and the positive 
direction of the x axis, and set x = |OA| = |OB| = |AB|. Then sina = u and 
cos@ = {. Note that ray OB forms an angle whose measure is a + 60° from the 
positive x axis. Then by the addition and subtraction formulas, we have 


37 11 3 
— = sin(a + 60°) = sina cos 60° + cosa sin 60° = — + av3 
x 2x 2x 
b 11/3 
— = cos(a + 60°) = cosa cos 60° — sina sin 60° = a we 
x 2x 2x 


Solving the first equation for a gives a = 21/3. We then solve the second equation 
for b to obtain b = 5./3. Hence ab = 315. 7 


The Dot Product and the Vector Form of the Law of 
Cosines 


In this section we introduce some basic knowledge of vector operations. Let u = 
[a, b] and v = [m, n] be two vectors. Define their dot product u - v = am + bn. It 
is easy to check that 


(i) V-V = m* +n? = |y\’; that is, the dot product of a vector with itself is 
the square of the magnitude of v, and v- v > 0 with equality if and only if 
v = [0, 0]; 


Gi) u-V=Vv-U; 
(ii) u- (v+ w) =u-v-+u- w, where wis a vector; 
(iv) (cu) - Vv = c(u- v), where c 1s a scalar. 


If vectors u and v are placed tail to tail at the origin O, let A and B be the heads of u 


and v, respectively. Then AB = v —u. Let 6 denote the angle formed by lines OA 
and OB. Then ZAOB = 0. Applying the law of cosines to triangle AO B yields 


lv —ul? = AB* = OA* + OB* —20A- OB cosé 


= |ul* + |v? — 2|ul|v| cos é. 
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It follows that 
(v—u)-(v—wu) =u-u+v-v—2Iul|v/ cosé, 


orv-v—2u-v+u-u=v-v+u-u— 2|u||v| cos@. Hence 


u-v 
cos = ——., 
jul|v| 


Cauchy—Schwarz Inequality 


Let u = [a, b] and v = [m, n], and let @ be the angle formed by the two vectors 
when they are placed tail to tail. Because | cos @| < 1, by the previous discussions, 
we conclude that (u - v)* < ({ul|v|)7; that is, 


(am + bn)? < (@? + v*) (m? + n’) : 


Equality holds if and only if | cos @| = 1, that is, if the two vectors are parallel. In 
any case, the equality holds if and only if u = k - v for some nonzero real constant 
k; that is, 4 = 2 =k, 

We can generalize the definitions of vectors for higher dimensions, and define 
the dot product and the length of the vectors accordingly. This results in Cauchy—- 
Schwarz inequality: For any real numbers a1, a2, ..., dy, and by, bz, ..., by, 


(aj +a} +----+a7) (oj +b} +--+ 53) > (ayby +.agby + +++ + anbn)’. 
Equality holds if and only if a; and b; are proportional, i = 1,2,...,7. 


Now we revisit Example 1.11. Setting n = 3, (a1, a2,a3) = O/x, JY RraP 


(by, bz, b3) = ( Fe a +) in Cauchy—Schwarz inequality, we have 


L.A. 9 1 4 9 5 
Sib oe = Ooh Pb 2) ae oe pe 2 oe 3)r 36. 
x y z x y Zz 


Equality holds if and only if + = + = §, or (x, y,z) = (Z. 4,4). 


Radians and an Important Limit 


When a point moves along the unit circle from A = (1,0) to B = (0, —1), it has 
traveled a distance of mz and through an angle of 180°. We can use the arc length as 
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a way of measuring an angle. We set a conversion between units: 7 = 180°; that 
is, 180° is w radians. Hence | radian is equal to ms degrees, which is about 57.3°. 
Therefore, an angle of a = x° has radian measure x - i50° and an angle of 0 = y 
radians has a measure of y - Mm degrees. To be a good problem solver, the reader is 
encouraged to be very familiar with the radian measures of special angles such as 


12°, 15°, 30°, 45°, 60°, 120°, 135°, 150°, 210°, and vice versa. 
B 


Figure 1.47. 


Let be a circle, and let O and R denote its center and radius, respectively. 
Suppose points A and B lie on the circle (Figure 1.47). Assume that LAOB = x° 
and ZAOB = y (radian measure). Then 130 = y. Let |AB| denote the length of arc 
AB. By the symmetry of the circle, we have 


|AB] —x° 
2nxR 360° 


XI 


, or |ABl = 180. 


R=ykR. 


Hence, if ZAOB is given in radian measure, then the length of arc AB is equal to 
the product of this measure and the radius of the circle. Also, by the symmetry of 
the circle, the area of this sector (the region enclosed by the circle and the two radii 
OA and OB) is equal to 


fe} 


pe aR 

360° 2 

That is, the area of a sector is equal to half of the product of the radian measure of 
its central angle and the square of the radius of the circle. 

Because radian measure reveals an important relation between the size of the 
central angle of a circle and the arc length that the angle subtends, it is a better unit 
by which to (algebraically) quantify a geometric object. From now on in this book, 
for a trigonometric function f(x), we assume that x is in radian measure, unless 
otherwise specified. 

Let 6 be a angle with 0 < 6 < 4. We claim that 


sind <6 <tané. (*) 
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We consider the unit circle centered at O = (0,0), and points A = (1, 0) and B = 
(cos 6, sin @) (Figure 1.48). Then AO B = 6. Let C be the foot of the perpendicular 
line segment from B to segment OA. Point D lies on ray OB such that AD | AO. 
Then BC = sin@ and AD = tan@. (By our earlier discussion, arc AB has length 
1-6 = 6. Hence it is equivalent to show that the lengths of segments BC, arc AB, and 
segment A D are in increasing order. The reader might also want to find the geometric 
interpretation of cot 6, sec@, and csc @.) It is clear that the areas of triangle OAB, 
sector OAB, and triangle OAD are in increasing order; that is, 


IBC|-|OA| 12-6 |AD]-|OA| 
< < : 
2 2 2 


from which the desired result follows. 


Figure 1.48. 


As 6 approaches 0, sin 0 approaches 0. We say that the limiting value of sin 0 is 0 
as 9 approaches 0, and we denote this fact by limg_,o sin@ = 0. (The reader might 
want to explain the identity limg_,9 cos 0 = limg_,9 sec 9 = 1.) What about the ratio 
ao Dividing by sin @ on all sides of the inequalities in («) gives 


sin@ 
6 
1 < —< = sec dé. 
sind cos @ 
Because lim sec@ = 1, it is not difficult to see that the value of <a: which is 


sandwiched in between | and sec 0, approaches | as well; that is, 


: . sind 
lim —~-=1, or lim —e=l1,. 
60 sind 60 @ 
This limit is the foundation of the computations of the derivatives of trigonometric 
functions in calculus. 


Note: We were rather vague about the meaning of the term approaching. Indeed, 
when @ approaches 0, it can be either a small positive value or a negative value with 
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small magnitude. These details can be easily dealt with in calculus, which is not 
the focal point of this book. We introduce this important limit only to illustrate the 
importance of radian measure. 


Constructing Sinusoidal Curves with a Straightedge 


Example 1.18. [Phillips Exeter Academy Math Materials] Jackie wraps a sheet of 
paper tightly around a wax candle whose diameter is two units, then cuts though them 
both with a sharp knife, making a 45° angle with the candle’s axis. After unrolling 
the paper and laying it flat, Jackie sees the wavy curve formed by the cut edge, 
and wonders whether it can be described mathematically. Show that this curve is 
sinusoidal. 


Solution: Because we can move the paper around, without loss of generality, we 
may assume that the sides of the paper meet at line AP, where A is the lowest point 
on the top face of the candle after the cut, as shown in Figure 1.49. To simplify our 
work a bit more, we also pretend that the bottom 1 inch of the candle (and paper 
wrapping around it) was also cut off by the sharp knife, as shown in Figure 1.49. 


> 


i ee 


Figure 1.49. 


Let S denote the curve formed by the cut edge before the paper is unrolled, 
and let D be an arbitrary point on S. For a point X on S, let X; denote the point 
corresponding to F after the paper is unrolled. (When we unroll the paper, point A 
will correspond to two points A; and A.) Let O be the point on the base of the 
candle that is diametrically opposite to A. Let Q be the point on S such that line 
QO is parallel to the axis of the candle. Set the coordinate system (on the unrolled 
paper) in such a way that O; = (0,0), Q; = (0,2), and A; = (—7, 0). Then by 
symmetry, Ay = (zr, 0). Let C be the midpoint of segment AO, and let w denote the 
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circle centered at C with radius C A; that is, @ denotes the boundary of the base of 
the candle. 

Let B be the foot of the perpendicular line segment from D to the circle w, and 
assume that OC B = @. Because circle w has radius 1, | OB |, the length of arc OB, is 
6. (This is why we use radian measure for 0.) Then By = (6,0) and D; = (0, y) with 
y = BD. Let F be the foot of the perpendicular line segment from B to segment AC. 
Then CF = cos, and AF = 1+ cos@. Note that A, Q, C, F, and O are coplanar, 
and ZOAQ = 45°. Point E is on segment AQ such that EF 1 AO. Consequently, 
LAEF = LOAQ = 45° and ZAFE = 90°, implying that the right triangle AE F 
is isosceles, with AF = EF. It is not difficult to see that BDEF is a rectangle. 
Hence BD = EF = AF = 1+ cos8. We conclude that D; = (0, 1 + cos 6); that 
is, D; lies on the curve y = 1 + cosx. 


A. ° i Ort "Bi , “Ad 


Figure 1.50. 


Finally, had we not cut off the bottom of the candle, the equation of the curve 
would have been y = 2 + cos x. 7 


Three Dimensional Coordinate Systems 


We view Earth as a sphere, with radius 3960 miles. We will set up two kinds of 3-D 
coordinate systems to describe the positions of places on Earth. 
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Figure 1.51. 


The first system is the 3-D rectangular coordinate system (or Cartesian system). 
This is a simple generalization of the regular rectangular coordinate system in the 
plane (or more precisely, the xy plane). We add in the third coordinate z to describe 
the directed distance from a point to the xy plane. Figure 1.51 shows a rectangular 
box ABCDEFGH. Note that A = (0, 0, 0), and B, D, and E are on the coordinate 
axes. Given G = (6, 3,2), we have B = (6,0,0), C = (6,3,0), D = (0, 3,0), 
E = (0,0, 2), F = (6,0, 2), and H = (0,3, 2). It is not difficult to see that the 
distance from G to the xy, yz, zx planes, x, y, z axes, and the origin are |GC| = 2, 
|IGH| = 6, |GF| = 3, |GB| = /13, |GD| = 2/10, |GE| = 3V5, and |GA| = 7. 

It is not difficult to visualize this coordinate system. Just place yourself in a regular 
room, choose a corner on the floor (if you are good at seeing the world upside down, 
you might want to try a corner on the ceiling) as the origin, and assign the three edges 
going out of the chosen corner as the three axes. In general, for a point P = (x, y, z), 
x denotes the directed distance from P to the yz plane, y denotes the directed distance 
from P to the zx plane, and z denotes the directed distance from P to the xy plane. 
It is not difficult to see that /x2 + y2, Vy? + 22, and /z? + x? are the respective 
distances from P to the z axis, x axis, and y axis. It is also not difficult to see 
that the distance between two points P} = (x1, yi, Z1) and Po = (x2, yo, Z2) is 


V(x — x2)? + (1 — y2)? + (z1 — 22)2. Based on this generalization, we can talk 
about vectors in 3-D space and their lengths, and the angles formed by them when 
they are placed tail to tail. (Note that we cannot talk about the standard angle any 
more.) Hence we can easily generalize the definition of the dot product of three- 
dimensional vectors u = [a, b,c] and v = [m,n, p] asu-v = am-+bn+cp, and 
it is routine to check that all the properties of the dot product discussed earlier hold. 

Let O be the center of Earth. We set the plane containing the equator as the xy 
plane (or equatorial plane), and let the North Pole lie on the positive z axis. However, 
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sometimes it is not convenient to use only the rectangular system to describe positions 
of places on Earth, simply because Earth is a sphere. 


Example 1.19. Describe the points on Earth’s surface that can be seen from a space 
station that is 100 miles above the North Pole. 


Solution: Let S denote the position of the space station, and let E be a point on 
Earth such that line SF is tangent to Earth’s surface. There are many such points F, 
and all these points form a circle C lying in a plane P that is parallel to the equatorial 
plane. The plane P cuts Earth’s surface into two parts. The part containing the North 
Pole contains exactly those points we are looking for. The best way to describe the 
points on C is to use the angle formed by ray OE and the equatorial plane. It is not 
difficult to see that as E varies along C, the angle does not change. 


S 


Figure 1.52. 


Let N be the point on the equatorial plane that is closest to FE. The central angle 
EON is called the latitude of E. If E is in the northern hemisphere, then this angle 
is positive; otherwise it is negative. Hence the range of latitudes is [—90°, 90°], 
with 90° (or 90° north) corresponding to the North Pole and —90° (or 90° south) 
corresponding to the South Pole. Points of constant latitude x° form a circle parallel 
to the equator. Such a circle is called the latitudinal circle of x°. 

To solve our problem, note that cos SOE = at — ae and so SOE & 
12.743°, implying that NOE = 90° — ZSOE ®& 77.254°. Therefore, all the 
points with latitude greater than or equal to 77.254° can be seen from the space 
station. a 


Example 1.20. The latitude of the town of Exeter, New Hampshire, is about 43 
degrees north. 
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(a) How far from the equatorial plane is Exeter, assuming that one travels through 
Earth’s interior? What if one travels on Earth’s surface? 


(b) How far does Earth’s rotation carry the citizens of Exeter during a single day? 


Solution: Let N be the foot of the perpendicular line segment from E to the equa- 
torial plane. Then ZEON = 43°. In right triangle EON, |EN| = |EO|sin43° = 
3960 sin 43° ~ 2700.714; that is, the z coordinate of Exeter is about 2700.714 
miles. If one travels on Earth’s surface, we extend segment ON through WN to meet 


the equator at M. Then |EM [— LEON - 27 - 3960 * 2971.947; that is, exeter is 


about 2971.947 miles away from the equator, assuming that one travels on Earth’s 
surface. 


Figure 1.53. 


Let C denote the latitudinal circle of 43°, and let C be the center of C. During a 
single day (and night; that is, a complete day of 24 hours), Earth’s rotation carries 
the citizens of Exeter through one revolution along the circle C. (If we fix Earth, 
then E travels along C for a complete revolution.) Hence, the distance sought is 
2x -|CE| = 22 -|ON| = 79207 cos 43° & 18197.114 miles. (What a long free 
ride!) | 


It is not difficult to see that points E and N have the same x and y coordinates, 
and that N lies on a circle centered at O with radius 3960 cos 43°. Now we set up 
the x and y axes. The primary meridian is the great semicircle that passes through 
Greenwich, England, on its way from the North Pole to the South Pole. The x axis is 
set in such a way that the intersection of the primary meridian and the equator is at 
(3960, 0, 0). This point is in the South Atlantic Ocean, near the coast of Ghana. The 
y axis is set such that the positive x, y, and z axes follow the right-hand rule. When 
we turn the primary meridian around the z axis, we obtain all the semicircles with the 
segment connecting the North Pole and the South Pole as their common diameter. 
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These semicircles are called meridians or longitude lines. We say longitude x° (or 
longitude line of x°) if the standard angle of the intersection of the longitude line 
and the equator is equal to x°, and all the points on this longitude line have longitude 
x°. Every point on the surface of Earth is the intersection of a latitudinal circle and a 
longitude line. Hence we can describe the points on the surface by an ordered pair of 
angles (a, 8), where a and # stand for the longitude and latitude angles, respectively. 
If we also consider points on any sphere, we can write E = (r, a, 6), where r is the 
radius of the sphere. These are the spherical coordinates of the point E. For the 
special case of considering points on Earth, r is equal to 3960 miles. 


Figure 1.54. 


Let E be a point with spherical coordinates (7, a, 6B) (Figure 1.54). We com- 
pute its rectangular coordinates. As we have done before, let N be the foot of the 
perpendicular line segment from E to the equator. Let E = (x, y, z) be the rectan- 
gular coordinates of E. Then z = |EN| = rsinf, and N = (x, y, 0). In the xy 
plane, N lies on a circle with radius r cos 6, and N has standard angle w. Hence 
x =rcosacosf and y = r sina cos f; that is, 


E = (rcosacos 6,r sina cos 6,r sin B). 


Sometimes, we also write E = r(cosacos 8, sina cos B, sin 6). This is how to 
convert spherical coordinates into rectangular coordinates. It is not difficult to reverse 
this procedure; that is, to convert rectangular coordinates into spherical coordinates. 


Traveling on Earth 
It is not possible, at least in the foreseeable future, to build tunnels through Earth’s 


interior to connect big cities like New York and Tokyo. Hence, when we travel from 
place to place on Earth, we need to travel on its surface. For two places on Earth, 
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how can we compute the length of the shortest path along the surface connecting 
the two places? Let C denote this path. Intuitively, it is not difficult to see that the 
points on C all lie on a plane. This fact is not that easy to prove, however, so let’s 
just accept it. Let P denote the plane that contains C. It is clear that the intersection 
of P and Earth’s surface is a circle. Consequently, we conclude that C is an arc. For 
two fixed points, we can draw many circles passing through these two points (Figure 
1.55). It is not difficult to see that as the radii of the circles increase, the lengths of the 
minor arcs connecting the points decrease. (When the radius of the circle approaches 
infinity, the circle becomes a line and the minor arc connecting the points becomes 
the segment connecting the points.) 


Figure 1.55. 


For two points A and B on the surface of Earth, the largest circle passing through 
A and B on Earth is the circle that is centered at Earth’s center. Such circles are 
called great circles. For example, the equator is a great circle, and all points with 
fixed longitudes form great semicircles. We encourage the reader to choose pairs of 
arbitrary points on a globe and draw great circles passing through the chosen points. 
The reader might then have a better idea why many intercontinental airplanes fly at 
high latitudes. 


Figure 1.56. 
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Example 1.21. Monica and Linda traveled from Shanghai, China (east 121°, north 
31°), to Albany, New York (west 73°, north 42°), to visit their friend Hilary. Estimate 
the distance of Monica and Linda’s trip. 


Solution: In general, let A = (3960, a, 6,) and B = (3960, a2, 62). Then 
A = 3960(cos a1 cos 61, sina, cos fj, sin B1) 
and 
B = 3960(cos a2 cos B2, sin @2 cos B2, sin f2). 
Let 6 = ZAOB. Then by the vector form of the law of cosines, we have 
=> 
OA-OB 
Cost =: 
|OA||OB| 
= COS a COS fj COS @ COs f2 + Sin a, Cos fy SiN @2 Cos Bz + sin fy sin Bo. 
For this problem, we have a; = 121°, Bj = 31°, a2 = —73°, and By = 42°. 
Plugging these values into the above equation gives cos@ ~ —0.273, implying 


that 9 ~ 105.870°. Hence the distance between Shanghai and Albany is about 


segs * 20 - 3960 © 7317.786 miles along Earth’s surface. 


Where Are You? 


During a long flight, the screens in the plane cabin often show the position of the 
plane and the trajectory of the trip. How is it done? Or, how does a GPS (Global 
Positioning System) work? Let’s give a baby tour of this subject. 


Example 1.22. Monica and Linda traveled from Shanghai, China (east 121°, north 
31°), to Albany, New York (west 73°, north 42°), to visit their friend Hilary. Monica’s 
hometown, Billrock, is four-fifths of the way along their trip. Find the spherical 


coordinates of the town of Billrock. 
Cc 


Cc 
A 
( / | B 


Figure 1.57. 


A 
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Solution: We maintain the same notation as in the solution of Example 1.21. Let C 
denote an arbitrary point on AB, and assume that AOC = kLAOB = k6, where is 
k is some real number with 0 < k < 1. (See Figure 1.57.) Then COB = (1—k)@. 
Let D and E be points on lines OA and OB, respectively, such that AO || CE and 
BO || CD. Then CDOE is parallelogram. Set u = OA, v= OB, and w = OC. 
There are real numbers a and b such that |OD| = a-|OA|and|OE|=b-|OB|. 
Then w = au + bv. By the distributive property of the dot product, we have 


w:-u=au-u+bu-v and w-v=au-v+bv-v. 


Note that |u| = |v| = |w| = 3960. By the vector form of the law of cosines, these 
equations are equivalent to the equations 


cosk9@=a+bcos@ and cos(l1—k)@ =acos6 +b. 


Solving this system of equations for a and b gives 


cos k@ — cos(1 — k)@ cos @ cos(1 — k)@ — cosk@ cos@ 
a= a0: and b= = F 
sin* 0 sin* 0 


For our problem, we have k = 3 and 6 © 105.870° (by Example 1.21). Substituting 
these values into the above equations gives a © 0.376 and b © 1.035. It follows that 
w = au-+ bv © 3960[0.059, —0.460, 0.886], which are the rectangular coordinates 
of the point C. Let (3960, y, @) be the spherical coordinates of C. Then sing ~ 
0.886, or d © 62.383°, and sin y cos @ © —0.460, or y © —82.67°; that is, Billrock 
has longitude west 82.67° and latitude 62.383°. 


De Moivre’s Formula 


Many polynomials with real coefficients do not have real solutions, e.g., x7 + 1 = 0. 
The traditional approach is to set i to be a number with the property i = —1. To 
solve an equation such as x? — 4x + 7 = 0, we proceed as follows: (x — 2)* = —3, 
or x — 2 = +,/3i, implying that x = 2 + 3: are the roots of the equations. (One 
can also skip the step of completing the square by applying the quadratic formula.) 
Thus, we consider numbers in the form a+ bi, where a and b are real numbers. Such 
numbers are called complex numbers or imaginary numbers. The real numbers 
can be viewed as complex numbers by setting a = a + Oi. Strictly speaking, the 
number i is called the imaginary unit, and z = Di is called pure imaginary if b is 
nonzero. 

Whatever these numbers may represent, it is important to be able to visualize 
them. Here is how to do it: The number a + bi is matched with the point (a, b), 
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or the vector [a, b] that points from the origin to (a, b). Under this convention, the 
coordinate plane is called the complex plane. Points (0, b) on the y axis are thereby 
matched with pure imaginary numbers bi, so the y axis is called the imaginary axis 
in the complex plane. Similarly, the x axis is called the real axis. Let O denote the 
origin, and let each lowercase letter denote the complex number assigned to the point 
labeled with the corresponding uppercase letter. (For example, if z = 3 + 4i, then 

= (3, 4).) See Figure 1.58. 

The definition of the complex plane allows us to talk about operations on complex 
numbers. The sum of the complex numbers z; = a; + bji and z2 = ay + bai is 
Z=2z4+22 = (aj +: a) + (bi + bo)i, and their difference is 2’ = z] — 22 = 
(a, — a2) + (bi — b2)i. Because of the vector interpretation of complex numbers, it 
is not difficult to see that O Z; Z Zz forms a parallelogram, and z and z’ are matched 


ao — > 
with diagonal vectors OZ and Z2Z}). 


pase ae S=(, 3.5) 

= —2—-—3i1 = = 

z i= 9235 
Figure 1.58. 


We can talk about the magnitude or length of a complex number z, denoted 
by |z|, by considering the magnitude of the vector it corresponds to. For example, 
|3—4i| = 5, and in general, |a+bi| = Va? + b?. Hence, all the complex numbers z 
with |z| = 5 form a circle centered at the origin with radius 5. We can also talk about 
the polar form of complex numbers. If Z = (a, b) has polar coordinates Z = (r, 0), 
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then r = Va? +b? anda = rcosé@ and b = rsin@. We write z = a+ bi = 
rcos@ +risin@ =r cis@. For example, z = —1 + V3i = 2cis 120° = 2 cis ar 

We have developed interesting properties of adding vectors with equal magnitudes. 
Similar properties can be written in terms of complex numbers. Let z; and z2 be 
complex numbers with |z1| = |z2| = r. Set z} = rcis@, and z2 = rcis@. Set 
Z = 271 + 22. Then OZ ZZ> is a rhombus, implying that the line OZ bisects the 
angle Z;OZz; that is, z = r’ cis Ate for some real number r’. In particular, if 
zi = 1 and z2 = cisa, then z = r’cis 5, where r’ = OZ. Therefore, tan 5 is equal 
to the slope of line O Z; that is, 


which is one of half-angle formulas. Other versions of the half-angle formulas can 
be obtained in a similar fashion. It is also not difficult to see that r’ = OZ = 2 cos oe 


Example 1.23. [AMC12 2002] Let a and b be real numbers such that 
sina+sinb= 


cosa +cosb = 
Evaluate sin(a + b). 


First Solution: Square both of the given relations and add the results to obtain 


- 2 2 a9 2 ; . 2 6 
sin‘ a+ cos a+ sin* b+ cos* b + 2(sina sinb + cosacos b) = ava 


or cos(a — b) = 2(sina sinb + cosacosb) = 0 by the addition and subtraction 
formulas. Multiplying the two given relations yields 


sinacosa+sinbcosb+ sinacosb+sinbcosa = 3 


or sin2a + sin2b + 2sin(a + b) = V3 by the double-angle formulas and the 
addition and subtraction formulas. By the sum-to-product formulas, we obtain 


sin 2a + sin 2b = 2sin(a + b) cos(a — b) = 0. 


Hence sin(a + b) = 2, 


Second Solution: 
Set complex numbers z; = cosa+i sina = cisa and z2 = cosb+isinb = cisb 
(Figure 1.59). 
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22 
Z 


Figure 1.59. 


Then by the operation rules for complex numbers and by the given conditions, 
we have 


a ‘ . 
Z=2%+22=rcis =cisa+cisb 


V6 v2i A/a G . 
= BF aval $45) =vaend 


that is, r’ = /2 and wh = §, and so sin(a + b) = sin} = ES | 


One of the most interesting properties of complex numbers is related to the product. 
Itis natural to define the product of complex numbers z; = a;+b,i and z2 = ay+boi 
as 

Z= 7122 = (a, + Dji) (a2 + bai) 


= 41a) + anbyi + aybyi + by boi? 
= (ajaz — bib2) + (aib2 + anhi)i. 
This certainly mimics the form of the addition and subtraction formulas. Indeed, 
working in the polar form z; = 7 cis 0; and zz = r2 cis 62, we have 
Z= 722 = (41 + Dji) (az + bai) = (11 cis 61) (r2 cis 62) 
r, (cos 6; + sin 0;1)r2(cos 62 + sin 627) 


= r{ro(cos 6; + sin 647) (cos 62 + sin 621) 
= riro[cos(9; + 62) +i sin(@ + 42)] 
= rjr2cis(O) + 62), 


by noting the addition and subtraction formulas cos(@; + 62) = cos 6; cos 62 — 
sin 9; sin 62 and sin(6; + 62) = sin 0; cos 62 + cos 6] sin 62. It is then not difficult to 


see that se 
Z1 ry) CIS 0] ry. 
= - = — cis(O; — 62). 
Z2 r2 C1S 6 r2 


We have proved the angle-addition (angle-subtraction) property of complex multi- 
plication (division). This is why operations on complex numbers are closely related 
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to trigonometry. For example, if 6; = tan7! 5 and 62 = tan™ Ms then we can show 
that 6; + 02 = 45° by the addition and subtraction formulas. On the other hand, this 
fact can also be shown by simple complex multiplication: (2 + 7)(3 +7) =5+ 57. 
Can the reader tell why? 

By the above angle-addition property of complex multiplication, we can see that 


(cos@ +i sin6)* = (cis6)* = cis 20, 
(cos @ +i sin6)* = (cis6)*(cis 0) = (cis 20) (cis 6) = cis 30, 


and so on. By this induction process, we can prove de Moivre’s formula: For any 
angle @ and for any integer n, 


(cos@ +isin@)” = (cis@)” = cisn@ = cosné + isinné. 
From this formula, it is not difficult to derive the expansion formulas of sinna 


and cos na in terms of sina and cos a@ by expanding the left-hand side of the above 
identity and matching the corresponding real and imaginary parts of both sides: 


sinna = (‘) cos’! w sina — () cos” 3 a sink a 
+(5 Jeo s’ a sinka —--:, 
cosna = (‘) cos” a — (; ) cos"~* w sin? a 
+({)-0 s’4 asin? ws 


A 


2 


Introductory Problems 


1. Let x be areal number such that sec x — tanx = 2. Evaluate sec x + tan x. 


2. Let 0° < 6 < 45°. Arrange 
ty = (tand)™"9, ty = (tan)? 
13 = (cota)? tg = (cot 9)>?, 


in decreasing order. 


3. Compute 


{a> COS 5, 
(b) cos* a sin* mM 

(c) cos 36° — cos 72°; and 
(d) sin 10° sin 50° sin 70°. 


(a) sin and tan 75; 


4. Simplify the expression 


V sin x + 4 cos? x - Vos x + Asin? x. 
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. Prove that 


2 


1 — cot 23° = ———_—__.. 
1 — cot 22° 


. Find all x in the interval (0, 5) such that 


pal i ae 


sin x cos x 


4/2. 


. Region R contains all the points (x, y) such that x? + y? < 100 and sin(x + 


y) > 0. Find the area of region R. 


. In triangle ABC, show that 


. Let J denote the interval [-3 5. Determine the function f defined on the 


4° 4 
interval [—1, 1] such that f(sin2x) = sinx + cosx and simplify f (tan? x) 
for x in the interval /. 


. Let 


SY: k 
Sk(x) = ; sin x + cos" x) 


fork = 1,2,.... Prove that 


1 
ae) — fo) = 5 


for all real numbers x. 


. Acircle of radius | is randomly placed in a 15-by-36 rectangle ABC D so that 


the circle lies completely within the rectangle. Given that the probability that 
the circle will not touch diagonal AC is *, where m and n are relatively prime 
positive integers, find m+n. 
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. Intriangle ABC, 


3snmnA+4cosB=6 and 4snB+3cosA= 1. 


Find the measure of angle C. 


. Prove that 


tan 3a — tan 2a — tana = tan 3a tan 2a tana 


for alla # ae where k is in Z. 


. Let a, b, c, d be numbers in the interval [0, 2] such that 


sina+7sinb = 4(sinc +2 sind), 
cosa + 7cosb = 4(cosc + 2cosd). 


Prove that 2 cos(a — d) = 7 cos(b —c). 


. Express 


sin(x — y) + sin(y — z) + sin(z — x) 


as a monomial. 


. Prove that 


(4cos” 9° — 3)(4cos* 27° — 3) = tan 9°. 


. Prove that 


(1 a a) (1 v =) = (1 + Vib) 


for all real numbers a, b, x witha, b > Oand0O <x < a 


. Intriangle ABC, sin A + sin B + sinC < 1. Prove that 


minfA+ B,B+C,C+ A} < 30°. 


. Let ABC be a triangle. Prove that 
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(a) 


A B B Cc C A 
tan — tan + tan — tan — + tan — tan =1; 
2 2 2 2 2 2 


(b) 


V3 
Sra 


A B 
tan — tan — tan < 
2 2 2 


20. Let ABC be an acute-angled triangle. Prove that 


(a) tan A + tan B+ tanC = tan A tan B tanC; 
(b) tan A tan B tanC > 3/3. 


21. Let ABC be a triangle. Prove that 


cot Acot B + cot BcotC + cot C cot A = 1. 


Conversely, prove that if x, y, z are real numbers with xy + yz+zx = 1, then 
there exists a triangle ABC such that cot A = x, cot B = y, and cot C = z. 


22. Let ABC be a triangle. Prove that 


A B C B 
sin? 5 + sin? 5 + sin? 5 +2sin 5 sin 5 sin 5 =1. 


Conversely, prove that if x, y, z are positive real numbers such that 


x+y? 47% 42xyz=1, 


then there is a triangle ABC such that x = sin 4, y = sin Z and z = sin g. 


23. Let ABC be a triangle. Prove that 


5A Pa Cue 
(a) sin ~ sin — sin ~ < -; 
2 2 27 8 


A B G3 
(b) sin? 5 + sin? 5 + sin? 5 > Za 
B C279 
Dire, 2~ <2. 
ca ee 
A Bee 26 2288 
(d) cos — cos — co < ; 


Ss > 
2 2 27 8 


A 
(c) cos” a + cos 
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(e) + : + > 6 
e€) cse CSC CSC 
2 2 2a 


24. In triangle ABC, show that 
(a) sn2A +sin2B + sin2C = 4sin Asin B sinC; 
(b) cos2A + cos2B + cos2C = —1 —4cos Acos BcosC; 
(c) sin? A + sin? B + sin? C = 2+ 2cos Acos B cos C; 
(d) cos* A + cos” B + cos? C + 2cos Acos BcosC = 1. 


Conversely, if x, y, z are positive real numbers such that 
x? + y? +27 4 xyz = 1, 


show that there is an acute triangle ABC such that x = cos A, y = cos B, 
C =cosC. 


25. In triangle ABC, show that 
abc 
[ABC] 
(b) 2R’ sin Asin B sinC = [ABC]; 
(c) 2Rsin Asin BsinC = r(sinA+sinB+sinC); 


(a) 4R = 


> 


Ay the Be 
(d) r = 4R sin — sin — sin —; 
2 2 2 


(e) A heoeR heen 
e Cos Cos COS So2—a 
5 c 2R2 


26. Let s be the semiperimeter of triangle ABC. Prove that 


A B C 
(a) s = 4Rcos — cos — cos —; 
2 Z 2 
3/3 
(b) 5 < ey 


27. In triangle ABC, show that 


_A,B_C 
(a) ConA Cos Bon Cos CSA sh4 SID Sn Sm 
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(b) cos A+cosB+cosC < 


NI Ww 


28. Let ABC be a triangle. Prove that 


29. 


30. 


31. 


1 
(a) cos Acos BcosC < 3° 


3/3. 


(b) sin Asin B sinC < =e 


373 
(c) snA+sinB+sinC < a. 
3 
(d) cos” A + cos” B + cos” C > 7 
ae) 29 Pee 9 
(e) sin* A + sin“ B + sin Cay 
3 
(f) cos2A + cos2B + cos2C > 5: 
3/3 


(g) sin2A + sin2B + sin2C < ak 


Prove that 


tan x 


tat 2% tan (= ) tan (= + ) 
= —-x —+x 
3 3 


for all x # in where k is in Z. 


Given that 
(1 + tan 1°)(1 + tan 2°)--- (1 + tan 45°) = 2”, 
find n. 
Let A = (0, 0) and B = (b, 2) be points in the coordinate plane. Let ABC DEF 


be a convex equilateral hexagon such that FAB = 120°, AB || DE, BC || 
EF,and CD || FA, and the y coordinates of its vertices are distinct elements 
of the set {0, 2, 4, 6, 8, 10}. The area of the hexagon can be written in the form 
m./n, where m and n are positive integers and n is not divisible by the square 
of any prime. Find m +n. 


32. 


33; 


34. 


35. 


36. 


37. 


38. 


39. 
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Show that one can use a composition of trigonometry buttons, such as sin, cos, 
tan, sin—!, cos—!, and tan—!, to replace the broken reciprocal button on a 
calculator. 


In triangle ABC, A — B = 120° and R = 8r. Find cosC. 


Prove that in a triangle ABC, 


a—b B 
= tan tan 
a+b 2 


In triangle ABC, § = 2+ V3 and ZC = 60°. Find the measure of angles A 
and B. 


Let a, b, c be real numbers, all different from —1 and 1, such thata+b+c= 
abc. Prove that 


a E b 4 C _ 4abc 
l-a@ 1-R 1-2 (l—a)(—b2)\(1 —c?2)' 


Prove that a triangle ABC is isosceles if and only if 


at+b+ec 


acosB+bcosC+ccosA = 5 


Evaluate 
cos acos 2a cos 3a: --cos 999a, 
_ 2 
where a = 7599° 
Determine the minimum value of 


secta sect B 


tan? 6B tan?@ 


over alla, B # ae where k is in Z. 
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40. Find all pairs (x, y) of real numbers with 0 < x < 4 such that 


(sin x)? (cos x)2” 


(cosx))”/2 (sin x) 7/2 


= sin 2x. 


41. Prove that cos 1° is an irrational number. 


42. Find the maximum value of 


S= (1 — x1) — yi) + (1. — x2) — ya) 


ifx? trp =yitys =e’. 


43. Prove that 


sinta cos°a 


> sec(a — b) 


sin b cos b 


for all0< a,b < 3. 


44. If sinacos B = — 7 what are the possible values of cos a sin 6? 


45. Let a, b, c be real numbers. Prove that 


(ab + bc +ca — 1)? < (a* +: 1)(b? + (ce? + Dd. 


46. Prove that 


: . a+b \? 
(sinx + acosx)(sinx + bcosx) <1+ 5 : 


47. Prove that 


|sina;| + |sina2|+---+|sina,| + |cos(ay + a2 +---+an)| > 1. 


48. 


49. 


50. 


51. 
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Find all angles a for which the three-element set 
S = {sina, sin 2a, sin 3a} 


is equal to the set 
T = {cosa, cos 2a, cos 3a}. 


Let {T;,(x)}P° 4 be the sequence of polynomials such that To(x) = 1, T)(x) = 
x, Tj41 = 2xT;(x) — T;~-1(x) for all positive integers i. The polynomial T,, (x) 
is called the nth Chebyshev polynomial. 

(a) Prove that 75,41 (x) and T>, (x) are odd and even functions, respectively; 

(b) Prove that 7;, (cos @) = cos(n@) for all nonnegative integers n; 

(c) Prove that for real numbers x in the interval [—1, 1], —1 < T,(x) < 1; 

(d) Prove that 7,41(x) > T,(x) for real numbers x with x > 1; 

(e) Determine all the roots of T,, (x); 

(f) Determine all the roots of P,,(x) = T,,(x) — 1. 


Let ABC be atriangle with BAC = 40° and ZABC = 60°. Let D and E be 
the points lying on the sides AC and AB, respectively, such that 2C BD = 40° 
and BCE = 70°. Segments BD and CE meet at F’. Show that AF L BC. 


Let S be an interior point of triangle ABC. Show that at least one of ZSAB, 
ZSBC, and ZSCA is less than or equal to 30°. 


52. Leta = =. 


2q@ =sin2asin 3a; 


(a) Show that sin? 3a — sin 
(b) Show that csc a = csc 2a + esc 4a; 

(c) Evaluate cos a — cos 2a + cos 3a; 

(d) Prove that cosa is a root of the equation 8x? + 4x7 — 4x — 1 =0; 
(e) Prove that cos a is irrational; 

(f) Evaluate tan a tan 2a tan 3a; 

(g) Evaluate tan? a + tan? 2a + tan? 3a; 

(h) Evaluate tan? a tan” 2a + tan? 2a tan? 3a + tan? 3a tan? a. 


(i) Evaluate cot? a + cot” 2a + cot? 3a. 


3 


Advanced Problems 


1. Two exercises on sin k° sin(k + 1)°: 


(a) Find the smallest positive integer n such that 


1 1 1 1 


sndstantee  snePeanase ° anise Gane 


(b) Prove that 


1 1 1 cos 1° 


msn  sleense | an eoran00e az ie 


2. Let ABC be atriangle, and let x be a nonnegative real number. Prove that 


1 
a“ cos A + b* cosB + c* cosC < 5a + b* + c*). 


3. Let x, y, z be positive real numbers. 
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(a) Prove that 
x y Zz 3/3 
+ + = 
V1+x2 Jfl+y2 Vitz227~ 2 
ifxt+y+z=xyz; 
(b) Prove that 


x y Zz 3/3 
+ + 2 
1—-x2 1-y* 1-22 2 


ifO0<x,y,z<landxy+yz+zx=1. 


4, Let x, y, z be real numbers with x > y > z > 75 such thatx +y+z= 5. 
Find the maximum and the minimum values of the product cos x sin y cos z. 


5. Let ABC be an acute-angled triangle, and for n = 1, 2, 3, let 


Xn = 2"3(cos” A + cos” B + cos” C) + cos Acos B cos C. 


Prove that 
xX] + X2 + X32 


Nw 


6. Find the sum of all x in the interval [0, 277] such that 


3cot? x + 8cotx +3 =0. 


7. Let ABC be an acute-angled triangle with side lengths a, b,c and area K. 
Prove that 


a2 +b* +c? 


Va2b? — 4K? + /b2c2 — 4K? + Vea? — 4K? = 5 


8. Compute the sums 


sina + sin2a +-+++ sinna 
1 2; n 
n n n 

cosa + cos2a+-+-+-+ cosnda. 
1 2 n 
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. Find the minimum value of 


|sinx + cosx + tanx + cotx + secx +cscx| 


for real numbers x. 


. Two real sequences x1, x2,... and y}, y2,... are defined in the following 


way: 


Yn 
a+ = >? 
is 1+ /l+y 


for alln > 1. Prove that 2 < x,y, <3 foralln > 1. 


xp=y = V3, Xnt1 = Xn + 1+x2, 


. Let a, b, c be real numbers such that 


sina +sinb+ sinc > 


NI] we 


Prove that 


sin(a ~~) +sin(b~ 7) +sin(e~ 7) >0. 


2 2 


. Consider any four numbers in the interval V2-V6 256, Prove that there 


are two of them, say a and b, such that 


lav —b2 — bV4— | Ee 


. Let a and b be real numbers in the interval [0, mls Prove that 


sin® a + 3 sin? acos* b + cos°b = 1 


if and only if a = b. 


4 


. Let x, y, z be real numbers with 0 < x < y < z < 5. Prove that 


7: 


ue 
D +2sinx cos y+2sin ycosz > sin2x + sin2y + sin 2z. 
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15. 


16. 


20. 


21. 
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For a triangle XY Z, let ryyz denote its inradius. Given that the convex pen- 
tagon ABCDE is inscribed in a circle, prove that if ragc = ragp and 
rABD =TAEc,; then triangles ABC and AED are congruent. 


All the angles in triangle ABC are less then 120°. Prove that 


cos A+ cos B — cosC J3 
sin A + sin B — sinC PE: 


. Let ABC be a triangle such that 


AN Gen (ate 6). 6s" 
cot — cot — cot — — 5 
2 2 2 Tr 


where s and r denote its semiperimeter and its inradius, respectively. Prove 
that triangle ABC is similar to a triangle T whose side lengths are all positive 
integers with no common divisor and determine these integers. 


. Prove that the average of the numbers 


2sin2°, 4sin4°, 6sin6°, ..., 180sin 180° 


is cot 1°. 


. Prove that in any acute triangle ABC, 


cot? A + cot? B + cot? C + 6cot A cot B cot C > cotA+cot B+ cotC. 


Let {a,} be the sequence of real numbers defined by aj = ¢ and ay,4, = 
4a, (1—a,) forn => 1. For how many distinct values of t do we have a2994 = 0? 


Triangle ABC has the following property: there is an interior point P such 
that PAB = 10°, PBA = 20°, ZPCA = 30°, and PAC = 40°. Prove 
that triangle ABC is isosceles. 


22: 


23. 


24. 


25. 


26. 


27. 


28. 
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22 
Let aj = J24+ S34 /6, and let dj4) = ay for integers n > 0. Prove 


that , 
Qe 
dy = cot ( *) —2 
3 


for all n. 


Let n be an integer with n > 2. Prove that 
n k n k 
3 3 
[[n| Z (1+ —=—)] = [Joot] Z (1- =) ]. 
ni 3 3" — 1 re 3 Sage 


Let P)(x) = x* — 2. Find all sequences of polynomials { Py(x)}P2, such 
that P(x) is monic (that is, with leading coefficient 1), has degree k, and 
Pj(Pj(x)) = Pj (Pi(x)) for all i and j. 


Intriangle ABC, a < b < c.Asafunction of angle C, determine the conditions 
under which a + b — 2R — 2r is positive, negative, or zero. 


Let ABC beatriangle. Points D, E, F areonsides BC, CA, AB, respectively, 
such that |DC| + |CE| = |EA|+ |AF| = |FB| + |BD|. Prove that 


1 
|DE|+|EF|+|FD| = 5 IAB + |BC|+|CA)). 


Let a and b be positive real numbers. Prove that 


1 Fs 1 = 2 
Vita V1+b2~ J1+ab 
if either (1) 0 < a,b < 1 or (2) ab > 3. 


Let ABC be a nonobtuse triangle such that |AB| > |AC| and 7B = 45°. Let 
O and I denote the circumcenter and incenter of triangle A BC, respectively. 
Suppose that /2|O/| = |AB| — |AC]. Determine all the possible values of 
sin A. 


78 103 Trigonometry Problems 


29. Let n be a positive integer. Find the real numbers ag and ag, 1 < €<k <n, 
such that a 
sin* nx 
s— =a+ DS) azecos2(k — £)x 


Mn 1<fl<k<n 


for all real numbers x not an integer multiple of zr. 


30. Let S be the set of all triangles ABC for which 


( 1 1 1 ) 3 6 
5 += + =-, 
|AP| |BQ| |CR|/  min{|AP|,|BQ],|CRI} 


where r is the inradius and P, Q, and R are the points of tangency of the 
incircle with sides AB, BC, and CA, respectively. Prove that all triangles in 
S are isosceles and similar to one another. 


31. Let a, b, c be real numbers in the interval (0, 4). Prove that 


sinasin(a —b)sin(a—c) — sinbsin(b — c) sin(b — a) 
sin(b + c) sin(c + a) 

sin c sin(c — a) sin(c — b) 
sin(a + b) 


> 0. 


32. Let ABC be a triangle. Prove that 


_ 3A 4g 3B ar 3C 2 B 43 B-C i 
sin sin sin cos cos cos 
2 2 2. ~ 2 2 2 


33. Let x1, x2,...,X),n > 2, be n distinct real numbers in the interval [—1, 1]. 
Prove that 


= By cg sooo 
ne) tn 


where t; = [jv |x; — xi|. 


34. Let x1,...,2x19 be real numbers in the interval [0, 7/2] such that sin? x, + 
sin? x7 +---+ sin? x19 = 1. Prove that 


3(sinx; +---+sinx,9) < cosx; +---+ cos xj. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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Let x1, x2, ...,X, be arbitrary real numbers. Prove the inequality 
x x x 
— + ; ar 2 : 7 <n. 

T+xp 0 L4txp +x l+xyp +e +x, 

Let ao, a1, ..., Gn be numbers in the interval (0, 5) such that 
IW XT Tu 
tan (ay — =) + tan (a1 _ =) +--+ tan (an _ =) >n-1. 
Prove that 
tan ao tana, ---tana, >n"t!, 

Find all triples of real numbers (a, b, c) such that a7 —2b* = 1,2b*—3c? = 1, 


andab+bc+ca= 1. 


Let n be a positive integer, and let 6; be angles with 0 < 6; < 90° such that 
cos” 6; + cos” 6) ferret cos” 6, = 1. 
Prove that 


tan 0; + tan@2 + ---+ tan6, > (n — 1)(cot 0; + cot 62 +---+cotd,). 


One of the two inequalities 
(sinx)"* < (cosx)°S* and (sinx)"* > (cos x)S* 
is always true for all real numbers x such that 0 < x < 4. Identify that 


inequality and prove your result. 


Let k be a positive integer. Prove that /k + 1 — \/k is not the real part of the 
complex number z with z” = 1 for some positive integer n. 


Let A; A2A3 bean acute-angled triangle. Points B,, Bz, B3 are on sides A2A3, 
A3A 1, A, Az, respectively. Prove that 
2(b; cos Aj + b2 cos Az + b3 cos A3) > ay, cos Ay + a2 cos A2 + a3 cos A3, 


where aj = |Aj+1Aj42| and b; = |Bj+1 Bj+2|, for i = 1, 2,3 (with indices 
taken modulo 3; that is, xj+3 = xj). 
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42. 


43. 


44. 


45. 


46. 
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Let ABC be a triangle. Let x, y, and z be real numbers, and let n be a positive 
integer. Prove the following four inequalities. 


(a) x* + y? + 2* > 2yzcos A + 2zx cos B + 2xycosC. 

(b) x7 + y* +27 > 2(-1)"*!(yzcosnA + zx cosnB + xy cosnC). 
(c) yza* + zxb* + xyc* < R2(x +y +2). 

(d) xa? + yb* + zc* > 4[ABC] /xy + yz + zx. 


A circle @ is inscribed in a quadrilateral ABCD. Let I be the center of w. 
Suppose that 


(|AI| + |DI|)? + (BI| +|CI|)? = AB] + |CD))”. 


Prove that ABC D is an isosceles trapezoid. 


Let a, b, and c be nonnegative real numbers such that 
at+bh+c+abe = 4. 


Prove that 
0 <ab+be+ca—abc < 2. 


Let s, tf, u, v be numbers in the interval (0, 5) with s +f+u+v=7. Prove 
that 


J/2sins — 1 J/2sint — 1 J2sinu —1 J/2sinv —1 
+ Zc ae =0 


cos s cos t COS U COS U 


Suppose a calculator is broken and the only keys that still work are the sin, cos, 
tan, sin~!, cos~!, and tan~! buttons. The display initially shows 0. Given any 
positive rational number g, show that we can get q to appear on the display 
panel of the calculator by pressing some finite sequence of buttons. Assume 
that the calculator does real-number calculations with infinite precision, and 
that all functions are in terms of radians. 


47. 


48. 


49. 


50. 
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Let n be a fixed positive integer. Determine the smallest positive real number 
A such that for any 01, 02, ..., 8, in the interval (0, 5), if 


tan 0; tan 6>---tan6, = 2”/2, 


then 
cos 6; + cos@) +---+cos6, <i. 


Let ABC be an acute triangle. Prove that 


(sin 2B + sin2C)* sin A + (sin2C + sin2A)* sin B 
+ (sin2A + sin 2B) sinC < 12sin Asin B sinC. 


On the sides of a nonobtuse triangle ABC are constructed externally a square 
P4, a regular m-sided polygon P,,, and a regular n-sided polygon P,. The 
centers of the square and the two polygons form an equilateral triangle. Prove 
that m = n = 6, and find the angles of triangle ABC. 


Let ABC be an acute triangle. Prove that 


cos A \? cos B \? cos C \? 
+4 ate +8cosAcos BcosC > 4. 
cos B cos C cos A 


. For any real number x and any positive integer n, prove that 


n 


sin kx 
ae 


k=1 


<2 /n. 


4 


Solutions to Introductory Problems 


1. [AMC12 1999] Let x be a real number such that sec x — tanx = 2. Evaluate 
sec x + tan x. 


Solution: Note that 


2 


1 = sec” x — tan? x = (sec x + tan x)(sec x — tan x). 


Hence sec x + tanx = 7 


2. Let 0° < @ < 45°. Arrange 
ty = (tang), tr = (tan), 
13 = (cota), ty = (cot yr?” 


in decreasing order. 


Solution: For a > 1, the function y = a’ is an increasing function. For 
0° <0 < 45°, cot? > 1 > tand > 0. Thus fs < fy. 


Fora < 1, the function y = a” is a decreasing function. Thus f; > f. 


Again, by cot@ > 1 > tan@ > 0, we have tf; < 1 < t3. Hence t4 > 3 > ty > 
to. 
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3. Compute 


(a) sin 75, cos 75, and tan 75; 
(b) cos* i sin* He 
(c) cos 36° — cos 72°; and 
(d) sin 10° sin 50° sin 70°. 


Solution: 


(a) By the double-angle and addition and subtraction formulas, we have 


uA un 1 4 a. 0 
cos — = cos (= - =) = cos — cos — + sin — sin 
12 3 4 3 4 3 4 

_1 V2. V3 V2 ¥24+V6 

eae a 4. °° 
Similarly, we can show that sin 7 = ie It follows that tan 75 = 
Vo-V/2 _ 4 _ 
Vena = 2— V3: 


(b) By the double-angle and addition and subtraction formulas, we obtain 


ae : a a ‘ a a , a 
cost — — sint — = (cos? nate sin? =) (cos? Sine =) 


24 4 24 24 24 24 
IT 42+ /6 
= 1-cos ~ = ——. 
12 4 


(c) Note that 


2(cos 36° — cos 72°)(cos 36° + cos 72°) 
2(cos 36° + cos 72°) 

2 cos? 36° — 2 cos” 72° 

= 2(cos 36° + cos 72°) © 


By the double-angle formulas, the above equality becomes 


cos 36° — cos 72° = 


cos 72° + 1 — cos 144° — 1 
2(cos 36° + cos 72°) 
cos 72° + cos 36° 1 


~ 2(cos 36° + cos72°) 2° 


cos 36° — cos 72° = 


This fact can also be seen in an isosceles triangleA BC with AB = AC, 
BC = 1,and A = 36°. Point D lies on side AC with ZABD = ZDBC. 
We leave it to the reader to show that BC = BD = AD=1, AB = 
2 cos 36, and CD = 2cos72, from which the desired result follows. 
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(d) Applying the double-angle formulas again gives 
8 sin 20° sin 10° sin 50° sin 70° = 8 sin 20° cos 20° cos 40° cos 80° 
= 4sin 40° cos 40° cos 80° 
= 2 sin 80° cos 80° 
= sin 160° = sin 20°. 
Consequently, 


1 
sin 10° sin 50° sin 70° = 3° 


4. [AMC12P 2002] Simplify the expression 


Vsin4 x + 4cos2 x _ Vcos4 x + 4sin? x. 


Solution: The given expression is equal to 


sin* x +4(1 — sin? x) — cost x + 4(1 — cos? x) 


= ,/ (2 — sin? x)? — (2 — cos? x)? = (2 — sin’ x) — (2 — cos” x) 


2 2 


= cos’ x — sin” x = cos 2x. 


5. Prove that 
2 


1 — cot 23° = ———_—__.. 
1 — cot 22° 


First Solution: We will show that 
(1 — cot 23°)(1 — cot 22°) = 2. 
Indeed, by the addition and subtraction formulas, we obtain 
1 cos 23° 1 cos 22° 
sin 23° sin 22° 
sin 23° — cos 23° sin 22° — cos 22° 
sin 23° sin 22° 
V2 sin(23° — 45°)4/2 sin(22° — 45°) 
sin 23° - sin 22° 
__ 2sin(—22°) sin(—23°) 
ic sin 23° sin 22° 
2 sin 22° sin 23° _ 
sin 23° sin22° 


(1 — cot 23°)(1 — cot 22°) 
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Second Solution: Note that by the addition and subtraction formula, we have 


cot 22° cot 23° — 1 
cot 22° + cot 23° 
Hence cot 22° cot 23° — 1 = cot 22° + cot 23°, and so 


= cot(22° + 23°) = cot 45° = 1. 


1 — cot 22° — cot 23° + cot 22° cot 23° = 2, 
that is, (1 — cot 23°)(1 — cot 22°) = 2, as desired. 


. Find all x in the interval (0, 5) such that 


(3-1 Wo tl 


sin x cos x 


4/2. 


Solution: From Problem 3(a), we have cos 75 = wa G and sin 75 = ie NE 
Write the given equation as 


sinx  cosx v2, 
or 

sin 7; COS f5 ay 

sin x cosx 


Clearing the denominator gives 
IE Te 
sin — cos x + cos — sinx = 2sinx cosx, 
12 12 


or sin (s +x) = sin2x. We obtain 5 +x = 2x and BF +x =m — 2x, 
implying that x = 75 and x = ut Both solutions satisfy the given condition. 


. Region R contains all the points (x, y) such that x? + y? < 100 and sin(x + 


y) => 0. Find the area of region R. 


Solution: Let C denote the disk (x, y) with x7 + y? < 100. Because sin(x + 
y) = Oif and only if x + y = kz for integers k, disk C has been cut by parallel 
lines x+y = kzr, and in between those lines there are regions containing points 
(x, y) with either sin(x + y) > 0 or sin(x + y) < 0. Since sin(—x — y) = 
—sin(x + y), the regions containing points (x, y) with sin(x + y) > 0 are 
symmetric with respect to the origin to the regions containing points (x, y) 
with sin(x + y) < 0. Thus, as indicated in Figure 4.1, the area of region 7 is 
half the area of disk C, that is, 507. 
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Figure 4.1. 


8. In triangle ABC, show that 


’ a 
sin — < ; 
2 b+e 


Solution: By the extended law of sines, we have 


ae sin A 
b+cec  sinB+sinC’ 


Applying the double-angle formulas and sum-to-product formulas in the 
above relation gives 


a 2 sin 4 cos 4 sin 4 . 
=F BEC... Boo Bo = Be 
b+ce  2sin=S\cos=5= cos =5= 2 
by noting that 0 < cos Be < 1, because 0 < |B —C| < 180°. 


Note: By symmetry, we have analogous formulas 


: el Cc 
sin — < and sin— < : 
2; ct+a 2; a+b 


9. Let J denote the interval [=F ais Determine the function f defined on the 


interval [—1, 1] such that f(sin2x) = sinx + cosx and simplify f (tan? x) 
for x in the interval /. 
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Solution: Note that 


[ f (sin 2x)]? = (sinx + cos x)? 
= sin? x + cos” x + 2sinx cos x 
=1+sin2x. 
Note also that sin 2x is a one-to-one and onto function from / to the interval 
[—1, 1], thatis, forevery —1 < + < 1,thereisaunique x in / such that sin 2x = 


t. Hence, for —1 < ¢t < 1, [fer = 1+t. For x in J, sinx +cosx > 0. 
Therefore, f(t) = /14+¢for—-l<t<l. 


For 7 <x < 4,—1 <tanx < l,andso0 < tan? x < 1. Thus, 


f (tan? x) = V1 + tan? x = sec x. 


. Let 


Ll 4 ie k 
Sk(x) = ; sin x + cos" x) 


fork = 1,2,.... Prove that 


1 
4) — fo) = 75 


for all real numbers x. 


Solution: We need to show that 
3(sin* x + cos* x) — 2(sin® x + cos® x) = 1 
for all real numbers x. Indeed, the left-hand side is equal to 


3[ (sin? x + cos? x) — 2sin? x cos” x] 


2 x cos’ x + cost x) 


_ 2(sin? x + cos? x)(sin4 x — sin 
= 3 — 6sin’ x cos” x — 2[ (sin? x + cos” x)" — 3 sin? x cos” x] 


=3.2-=1 
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11. [AIME 2004, by Jonathan Kane] A circle of radius 1 is randomly placed in a 
15 x 36 rectangle ABC D so that the circle lies completely within the rectangle. 
Compute the probability that the circle will not touch diagonal AC. 


Note: In order for the circle to lie completely within the rectangle, the center 
of the circle must lie in a rectangle that is (15 — 2) x (36 — 2), or 13 x 34. 
The requested probability is equal to the probability that the distance from the 
circle’s center to the diagonal AC is greater than 1, which equals the probability 
that the distance from a randomly selected point in the 13 x 34 rectangle to 
each side of triangles ABC and CDA is greater than 1. Let |AB| = 36 and 
|BC| = 15 (andso|AC| = 39). Draw three segments that are | unit away from 
each side of triangle ABC and whose endpoints are on the sides. Let E, F, and 
G be the three points of intersection nearest to A, B, and C, respectively, of the 
three segments. Because the corresponding sides of triangle ABC and EFG 
are parallel, the two triangles are similar to each other. The desired probability 
is equal to 


2[EFG] _ (\EF|\’ 2[ABC] _ (\EF|\” 15-36 (\EF|\* 270 
13-34 \ |AB| 13-34 \|ABl 13-34 \|ABl 


221° 


Because E is equidistant from sides AB and AC, E lies on the bisector of 
‘CAB. Similarly, F and G lie on the bisectors of ABC and Z BCA, respec- 
tively. Hence lines AE, BF, and CG meet J, the incenter of triangle ABC. 


D C 


Figure 4.2. 


First Solution: Let £; and F be the feet of the perpendiculars from E and 
F to segment AB, respectively. Then |E F| = | F) F{|. It is not difficult to see 
that |BFi| = |FF\| = |EE\| = 1. Set @ = ZEAB. Then CAB = 26, 


sin20 = 75, cos20 = 43, and tan20 = ;. By either the double-angle 
formulas or the half-angle formulas, 
2tand 1 — cos 20 
tan 20 = ——~. or tand= 


1 — tan? 6 sin20 ” 
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and we obtain tand = ; It follows that Ce = tan@d = is or |AE\| = 5. 


2 
Consequently, |EF| = |£,F,| = 30. Hence 7 = (32) . a a in: and 
m+n= 817. 


Second Solution: Set A = (0,0), B = (36,0), and C = (36, 15). Because 
E lies on the angle bisector of ZCAB, AE has the same slope as |ABJAC + 
|AC|AB = 36[36, 15] + 39[36, 0] = [75 - 36, 36 - 15] = 36. 15[5, 1]; that 
is, the slope of line AE is ; Consequently, |E E,| = 5, and the rest of the 
solution proceeds like that of the first solution. 


Third Solution: Because the corresponding sides of triangles ABC and EFG 
are parallel, it follows that J is also the incenter of triangle E FG and that 
the triangles are homothetic (with / as the center). If r is the inradius of 
triangle ABC, then r — | is the inradius of triangle E FG; that is, the ratio 
of the similarity between triangles EFG and ABC is se Hence the desired 
ey _ 270° 
r 221 
Note thatr(|AB|+|BC|+|CA|) = 2((A7BJ]+[BIC]+[CIA]) = 2[ABC] = 
|AB| -|BC|. Solving the last equation gives r = 6, and so (3) zi = 35 


probability is ( 


“221 ~ 442° 


. [AMC12 1999] In triangle ABC, 


3smnA+4cosB=6 and 4sinB+3cosA = 1. 


Find the measure of angle C. 


Solution: Square the two given equations and add the results to obtain 
24(sin Acos B+ cos Asin B) = 12, 


orsin(A+B) = 5. Because C = 180°—A—B, wehave sin C = sin(A+B) = 
5. implying that either C = 30° or C = 150°. But if C = 150°, A < 30°, so 
3sinA+4cosB < 3 +4 < 6,acontradiction. Hence the answer is C = 30°. 


. Prove that 


tan 3a — tan 2a — tana = tan 3a tan 2a tana 


for alla # k@ where k is in Z. 
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Solution: The equality is equivalent to 
tan 3a(1 — tan 2a tana) = tan 2a + tana, 


or 


tan 2a + tana 
tan 3a = ———_____ 
1 — tan 2a tana 


That is, tan 3a = tan(2a + a), which is evident. 


Note: More generally, if a;, a2, a3 are real numbers different from kx where 
k is in Z, such that ay + az + a3 = 0, then the relation 


tan a; + tana2 + tana3 = tana, tana? tana3 


holds. The proof of this relation is similar to the proofs of Problems 13 and 
20. We leave the proof as an exercise for the reader. 


. Let a, b, c, d be numbers in the interval [0, 2] such that 


sina+7sinb = 4(sinc +2 sind), 
cosa+ 7cosb = 4(cosc + 2cosd). 


Prove that 2 cos(a — d) = 7 cos(b — c). 


Solution: Rewrite the two given equalities as 


sina — 8sind = 4sinc — 7sinb, 


cosa — 8cosd = 4cosc — 7cosb. 
By squaring the last two equalities and adding them, we obtain 
1+64—-16(cosacosd+sina sind) = 16+49—56(cosbcosc+sinb sinc), 


and the conclusion follows from the addition formulas. 


. Express 


sin(x — y) + sin(y — z) + sin(z — x) 


as a monomial. 
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Solution: By the sum-to-product formulas, we have 


- —2 
sin(x — y) + sin(y — z) = 2sin < cos **5 2 


By the double-angle formulas, we have 


—xX ZX 
cos 


. ie 
sin(z — x) = 2 sin 


Thus, 
sin(x — y) + sin(y — z) + sin(z — x) 


in| x+z—-2y =] 
= 2sin 5 cos cos 


2 ip) 
£0 NEO tg: OB Vg MSY. 
4 sin sin sin 
2 2 2 
_x-y , y-Z , Z-x 
= —4sin sin sin 
2, 2 2 


by the sum-to-product formulas. 


Note: In exactly the same way, we can show that if a, b, and c are real numbers 
witha + b+ c= 0, then 


Cc 


. ; . sei ox SDY 5 
sina+sinb+ sinc = 7am 5 Sin, sn 


In Problem 15, we havea = x — y,b= y—z,andc=z-—x. 


. Prove that 


(4cos” 9° — 3)(4cos* 27° — 3) = tan 9°. 


Solution: We have cos 3x = 4cos? x — 3cosx, so 4cos? x —3 = eons for 
allx 4 (2k + 1)- 90°, k € Z. Thus 


re 2 ano cos27° cos81° —cos81° 
(4 cos* 9° — 3)(4cos* 27 3) = : = 


cos9° cos 27° cos 9° 
sin 9° 

= = tan 9°, 
cos 9° 


as desired. 
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17. Prove that 


b 2 
(e (14 ) = (14 v2a8) 
sin x COS Xx 


for all real numbers a, b, x witha, b > OandO <x < a 


Solution: Expanding both sides, the desired inequality becomes 


a b ab 


cen ale eS 
smx  cosx  sinxcosx 


> 1+ 2ab + 2V2ab. 


By the arithmetic-geometric means inequality, we obtain 


a b 2/ab 


> 


=e Ze : 
sin x cos x a/sin x COS Xx 
1 


By the double-angle formulas, we have sin x cos x = 4 sin2x < 4, and so 


2 =? 
2/ab 
/ sin X COS X 


> 2V2ab 


and 


ab 
———— > 2ab. 
sin x cos x 


Combining the last three inequalities gives the the desired result. 


18. In triangle ABC, sin A + sin B + sinC < 1. Prove that 


minfA+ B,B+C,C +A} < 30°. 


Solution: Without loss of generality, we assume that A > B > C. We 

need to prove that B+ C < 30°. The law of sines and the triangle inequality 

(b+c > a)imply thatsin B+sinC > sin A,sosin A+sin B+sinC > 2 sin A. 
1 


It follows that sin A < 5, and the inequality A > ALAle = 60° gives that 


A > 150°; that is, B + C < 30°, as desired. 


19. Let ABC be a triangle. Prove that 
(a) 


A B B Cc CG A 
tan — tan + tan — tan — + tan — tan =1; 
2 2 2 2 2 2 
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(b) 


B V3 
tan — tan — tan < z 
2 2 2 9 


Solution: By the addition and subtraction formulas, we have 


A B A+B A B 
tan — + tan — = tan 1 — tan — tan : 
2 2, 2 2 


Because A+ B+ C = 180°, At = 90° — S, and so tan ALB 
Thus, 


A B B Cc G A 
tan — tan + tan — tan + tan — tan 
2 2 2, 2 2 2 


A B C C A B 
= tan — tan — + tan — cot 1 — tan — tan 
2 2 2 2 2 2 
A B A B 
= tan — tan — + 1 — tan — tan — = 1, 
2, 2 2; 2 


establishing (a). 


By the arithmetic-geometric means inequality, we have 


B B C Cc A 
1 = tan — tan — + tan — tan — + tan — tan 
2 2 2 2 2 


from which (b) follows. 


Note: An equivalent form of (a) is 


A B Cc A B 
cot + cot + cot = cot — cot — cot 
2 2 2 2, 2 


20. Let ABC be an acute-angled triangle. Prove that 


(a) tan A + tan B+ tanC = tan A tan B tanC; 
(b) tan A tan B tanC > 373. 


cot 5: 


21. 


22. 
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Solution: Note that because of the condition A, B,C 4 90°, all the above 
expressions are well defined. 


The proof of the identity in part (a) is similar to that of Problem 19(a). By the 
arithmetic-geometric means inequality, 


tan A + tan B + tanC > 3/tan A tan B tan C. 


By (a), we have 
tan A tan B tan C > 34/ tan A tan B tanC, 


from which (b) follows. 


Note: Indeed, the identity in (a) holds for all angles A, B, C with A+B+C = 
ma and A,B,C 4 sea where k and m are in Z. 


Let ABC be a triangle. Prove that 
cot Acot B+ cot BcotC + cotC cot A = 1. 


Conversely, prove that if x, y, z are real numbers with xy + yz+zx = 1, then 
there exists a triangle ABC such that cot A = x, cot B = y, and cotC = z. 


Solution: If ABC is a right triangle, then without loss of generality, assume 
that A = 90°. Then cot A = 0 and B+ C = 90°, and so cot BcotC = 1, 
implying the desired result. 


If A, B,C ¥ 90°, then tan A tan B tanC is well defined. Multiplying both 
sides of the desired identity by tan A tan B tan C reduces the desired result to 
Introductory Problem 20(a). 


The second claim is true because cot x is a bijective function from the interval 
(0°, 180°) to (—oo, oo). 


Let ABC be a triangle. Prove that 


A B C B 
sin? 5 + sin” 5 + sin” 5 +2sin 5 sin 5 sin 5 ras 


Conversely, prove that if x, y, z are positive real numbers such that 


x? py? +27 4 xyz = 1, 
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then there is a triangle ABC such that x = sin 4, y = sin z and z = sin g. 


Solution: Solving the second given equation as a quadratic in x gives 


—2yz + V4y2z? — 4(y? +22 -1 
pee ieee d = ~y2 + Ja - ya — 2). 


We make the trigonometric substitution y = sinu and z = sinv, where 
0° < u,v < 90°. Then 


x = —sinusinv + cosucosv = cos (u + v). 


Setu = Zz v= $,and A = 180° — B —C. Because 1 > y? +2 = 
sin? 4 + sin” g, cos? 4 > sin? g. Because 0° < Z. g < 90°, cos 4 > 
sin § = COs (90° = £), implying that 8 < 90° — g, or B+C < 180°. Then 
x = cos(u + v) = sin $s, y = sin z. and z = sin g, where A, B, and C are 
the angles of a triangle. 

If ABC is a triangle, all the above steps can be reversed to obtain the first 
given identity. 


23. Let ABC be a triangle. Prove that 


a. ~C 1 
(a) sin — sin — sin — < -; 
2 2 27 8 


A B Cc 
BY sae +2 BO ak 
(b) sin pee 5 + sin Fo 


B 
2 

— + cos 
2 


C 3Y3 
Ss < : 
oo 8 


A 
(c) cos” a + cos 


B 
(d) cos — cos 5 co 


Ww] S wl DB 


A A 
(e) csc — + csc 5 + csc 5 > 6. 


Solution: By Problem 8, we have 


_A., B,C abc 
sin — sin — sin — < F 
2 2 27 (a+b)(b+c)(c+a) 


The arithmetic-geometric means inequality yields 


(a+ b)\(b+c)(c +a) = 2Vab)2Vbc)(2V ca) = Babe. 


24. 
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Combining the last two equalities gives part (a). 

Part (b) then follows from (a) and Problem 22. Part (c) then follows from part 
(b) by noting that 1 — sin? x = cos* x. Finally, by (c) and by the arithmetic— 
geometric means inequality, we have 


9 A B C A B CG 
= Se0s" — 4 Cos: — 4 Gése = 3) cos — cos? — cos? —, 
4 2 2; 2 2, 2 2 


implying (d). 
Again by Problem 8, we have 


A b+e b c 
csc > + 


GO Ae ea 
and analogous formulas for csc B and csc g. Then part (e) follows routinely 


from the arithmetic-geometric means inequality. 


Note: We present another approach to part (a). Note that sin 4, sin 2, sin g 


are all positive. Let t = ,/ sin 4 sin 8 sin g. It suffices to show that t < 5: By 


the arithmetic-geometric means inequality, we have 


A B Cc 
sin? 5 + sin? 5) + sin? 5) > 3r?. 


By Problem 22, we have 312 + 213 < 1. Thus, 
0> 2° 437 -1=0¢4+D2°4+1—-D=(¢+1°Qr— Dd. 


Consequently, t < 5. establishing (a). 


In triangle ABC, show that 


(a) sin2A +sin2B + sin2C = 4sin Asin B sinC; 

(b) cos2A + cos2B + cos2C = —1 —4cos Acos BcosC; 
(c) sin? A + sin? B + sin? C = 2+2cos Acos BcosC; 
(d) cos* A + cos? B + cos? C + 2cos Acos BcosC = 1. 


Conversely, if x, y, z are positive real numbers such that 
xt ty? 4274 Qxyz = 1, 


show that there is an acute triangle ABC such that x = cos A, y = cos B, 
C =cosC. 
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Solution: Parts (c) and (d) follow immediately from (b) because cos2x = 
1 —2sin? x = 2cos* x — 1. Thus we show only (a) and (b). 


(a) Applying the sum-to-product formulas and the fact that A+ B+C = 
180°, we find that 


sin2A + sin2B + sin2C = 2sin(A + B)cos(A — B) + sin2C 
= 2sinC cos(A — B) + 2sinC cosC 
= 2sin C[cos(A — B) — cos(A + B)] 
= 2sinC -[—2sin A sin(—B)] 
= 4sin Asin B sinC, 


establishing (a). 


(b) By the sum-to-product formulas, we have cos 2A +cos2B = 2cos(A+ 
B)cos(A — B) = —2cosC cos(A — B), because A+ B+ C = 180°. 
Note that cos 2C + 1 = 2 cos? C. It suffices to show that 


—2cos C(cos(A — B) — cos C) = —4cos Acos BcosC, 


or cos C(cos(A — B) + cos(A + B)) = 2cos Acos Bcos C, which is 
evident by the sum-to-product formula cos(A — B) + cos(A + B) = 
2cos Acos B. 


From the given equality, we have 1 > x*,1 > y?, and thus we may set 
x = cos A, y = cos B, where 0° < A, B < 90°. Because x7 + y*+27+2xyz 
is an increasing function of z, there is at most one nonnegative value c such 
that the given equality holds. We know that one solution to this equality is 
z= cos C, where C = 180° — A — B. Because cos? A + cos? B = x2 + y? < 
1, we know that cos* B < sin? A. Because 0° < A,B < 90°, we have 
cos B < sin A = cos(90° — A), implying that A + B > 90°. Thus, C < 90° 
and cos C > 0. Therefore, we must have z = cos C, as desired. 


Note: Nevertheless, we present a cool proof of part (d). Consider the system 
of equations 
—x + (cos B)y + (cosC)z = 0 
(cos B)x — y + (cos A)z = 0 
(cosC)x + (cos A)y —z=0. 


Using the addition and subtraction formulas, one can easily see that 
(x, y, Z) = (sin A, sin C, sin B) is anontrivial solution. Hence the determinant 
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of the system is 0; that is, 


—1 cosB cosC 
O=|cosB —I1  cosA 
cosC cosA —1 


= —1+2cos Acos B cos C + cos* A + cos* B + cos” C; 


as desired. 


25. In triangle ABC, show that 
abc 
[ABC] 
(b) 2R? sin Asin B sinC = [ABC]; 
(c) 2Rsin Asin BsinC = r(sinA+sinB+sinC); 


(a) 4R = 


> 


A,B, 
(d) r = 4R sin — sin — sin —; 
2 2 2 


(e) RabeeP dec 2 
e€) acos Cos Cc COS —eerer ir 
2R2 


Solution: By the extended law of sines, 


_ a = abc = abc 
~~ 2sinA  2besinA  4[ABC]’ 


establishing (a). By the same token, we have 
2R? sin Asin BsinC = —- (2R sin A)(2R sin B)(sin C) 


absinC = [ABC], 


NIE NIE 


which is (b). 


Note that 
2,ABC] = besinA = (a+b-+ey)r. 


By the extended law of sines, we obtain 


AR? sin Asin BsinC = besinA =r(at+b+c) 
= 2rR(sinA+sinB+sinC), 


from which (c) follows. 
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By the law of cosines, 


pre 8 
2bc 


Hence, by the half-angle formulas, we have 


24 1-cosA 1 BP4HC-@ a’ —(b+c* —2bdc) 
sin = = = 


yD 2 2 Abc Abc 
a—(b—-c* (a—b+c)\(atb—c) 
= Abc - Abc 
(2s — 2b)(2s — 2c) (s — b)(s — c) 
= Abe fi bc ’ 


where 2s = a + b+ c is the perimeter of triangle ABC. It follows that 


_A /(s — b)(s —c) 
sin — = , 
2 bc 


and the analogous formulas for sin 8B and sin g. Hence 


A.B. C  (s—a)(s — b)(s —c) 


sin sin sin 
2 2 2 abc 
_ s(s —a)(s—b)(s—c) _ [ABC/? 
7 sabe "sabe 


by Heron’s formula. It follows that 


_ A. B.C [ABC] [ABC] 1 
sin — sin — sin — = : =r. , 
2 2 2 Ss abc 4R 
from which (d) follows. 


Now we prove (e). By the extended law of sines, we have acos A = 2RsinA- 
cos A = Rsin2A. Likewise, bcos B = Rsin2B andccosC = Rsin2C. By 
(a) and (b), we have 


: : : abc 
4R sin A sin B sinC = —,. 
2R2 
It suffices to show that 

sin2A +sin2B + sin2C = 4sinA sin B sinC, 


which is Problem 24(a). 


4. Solutions to Introductory Problems 101 


26. Let s be the semiperimeter of triangle ABC. Prove that 


27. 


A B 
(a) s = 4Rcos — cos — cos —; 
2 2 2 
3/3 
(b) s < ua. 


Solution: It is well known that rs = [ABC], or s = 42Cl By Problem 25 
(b) and (d), part (a) follows from 


Rsin A sin B sinC A B 
S= >a Pe = AR cos = cos > cos > 
2sin 5 sin 5 sin 5 2 2 2 


by the double-angle formulas. 
We conclude part (b) from (a) and Problem 23 (d). 


In triangle ABC, show that 


A, B,C 
(a) ROS AEE COs Brees aL spa Sa Sit Sn 


3 
(b) cos A+cosB+cosC < 2 


Solution: By the sum-to-product and the double-angle formulas, we have 


A+B A-B + 1¢ A-B 
cos A + cos B = 2cos cos = 2 sin — cos 
2; 2 2 2 


and 


C Cc A+B 
1 — cos C = 2sin’ > = 2sin > cos ai : 


It suffices to show that 


wW€ A-—B A+B _A. B, 
2 sin cos cos = 4sin — sin — sin —, 
2 2 2, 2 2 2 
or, 
A-B A+B a AL. 
cos cos = 2sin — sin —, 
2 2 2 2 


which follows from the sum-to-product formulas, and hence (a) is established. 


Recalling Problem 25 (c), we have 


cos A + cos B + cos C = 1+ 5. (x) 
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Euler’s formula states that |O/|?, = R? — 2Rr, where O and J are the 
circumcenter and incenter of triangle ABC. Because |O/|* > 0, we have 
RS anor aS 7 from which (b) follows. 


Note: Relation («) also has a geometric interpretation. 


A 


TAY) 


Figure 4.3. 


As shown in the Figure 4.3, let O be the circumcenter, and let A;, B,, C; be the 
feet of the perpendiculars from O to sides BC, CA, AB, respectively. (Thus 
Aj, By, C; are the midpoints of sides BC, CA, AB, respectively.) Because 
LAOB = 2C and triangle AOB is isosceles with |OA| = |OB| = R, we 
have |OC;| = RceosC. Likewise, |OB,| = Rcos B and |OA;| = RceosA. 
It suffices to show that 


|OA,|+|OB,|+|OC\|=R+r. 


Note that |OA| = |OB| = |OC| = R and |BA,| = |AiC, |CBy| = |By Al, 
|AC;| = |C B|. Hence |AB| = 2|A; Bi|,|BC| = 2| B,C], |CA] = 2|C, Aj]. 


Let s denote the semiperimeter of triangle ABC. Applying Ptolemy’s theorem 
to cyclic quadrilaterals OA;C Bi, OB, AC;, OC, BA, yields 
|A,Bi|-|OC| = |AiC|-|OB;| + |CBy|-|OA4|, 
|B,Ci|-|OA| = |B, A|-|OCi| + |ACi|-|OB,|, 
IC, Ay|-|OB] = |C,B] - |OAy| + |BAq|-|OCiI. 


Adding the above gives 


Rs = |OA\|(s — |A1 Bl) + |OBi|(s — |BiC]) + |OCi|(s — |C1 A]) 
= s(|OAi| + |OBi| + |OC;|) — [ABC] 
= s(|OA;|+|OB,|+|OC\|) —rs, 
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from which our desired result follows. 


28. Let ABC be a triangle. Prove that 


1 
(a) cos Acos BcosC < a 
3/3 
(b) sinAsin BsinC < = 


3/3 


(c) snA+sinB+sinC < re 
3 

(d) cos? A + cos* B + cos? C > - 
9 

(e) sin? A + sin? B + sin? C < 7 


3 
(f) cos2A + cos2B + cos2C > —3? 


3/3 
(g) sin2A +sin2B +sin2C < a 


Solution: For part (a), if triangle ABC is nonacute, the left-hand side of the 

inequality is nonpositive, and so the inequality is clearly true. 

If ABC is acute, then cos A, cos B, cos C are all positive. To establish (a) and 

(d), we need only note that the relation between (a) and (d) and Problem 24(d) 

is similar to that of Problem 23(a) and (b) and Problem 22. (Please see the 

note after the solution of Problem 23.) 

The two inequalities in parts (d) and (e) are equivalent because cos? x + 
2 

sine x = 1. 


By (e) and by the arithmetic-geometric means inequality, we have 


9 
ri > sin’ A + sin? B + sin? C > 3¥ sin2 Asin? B sin’ C, 


from which (b) follows. 

From (a—b)*+(b—c)?+(c—a)? > 0 or by application of Cauchy—Schwarz 
inequality, we can show that 3 (a? +b? + ) > (a+b-+c)?. By (e) and by 
setting a = sin A, b = sin B, c = sinC, we obtain (c). 

Part (f) follows from (e) and cos 2x = 2cos? x — 1. Finally, (g) follows from 
(b) and the identity 


sin2A + sin2B + sin2C = 4sin A sin B sinC 
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proved in Problem 25(e). 


29. Prove that 


tan 3x a4 TU 
= tan (= =_ x) tan (= + x) 
tan x 3 3 


for all x # a where k is in Z. 


Solution: From the triple-angle formulas, we have 
3 tan x — tan? x 
1—3tan? x 
(J3 — tan x)(V/3 + tan x) 
(1 — V3 tan x)(1 + V3 tan x) 

JA3 — tanx V3 + tan x 
= —_——_ - tanx - ——_—_—_. 

1+ /3 tan x 1— /3tanx 
tan (> _ x) tan x tan (= + x) 

3 3 


for all x # An where k is in Z. 


tan3x = 


= tanx: 


30. [AMC12P 2002] Given that 
(1 + tan 1°)(1 + tan 2°)--- (1 + tan 45°) = 2”, 
find n. 


First Solution: Note that 
sin k° __ cos k° + sin k° 


1+tank° = 1 = 
nee Bs cos k° cos k° 
— ¥2sin(45+k)° — V2cos(45 — k)° 
~ cos k° = cos k° ; 


Hence 


/2.cos(45 — k)° /2. cos(k)° 


(1 + tank°)(1 + tan(45 — k)°) = 


It follows that 
(1 + tan 1°)(1 + tan 2°)--- (1 + tan 45°) 
= (1+ tan 1°)(1 + tan 44°)(1 + tan 2°)(1 + tan 43°) 


--+ (1 + tan 22°)(1 + tan 23°)(1 + tan 45°) 
= 723 


’ 


cos k° cos(45 — k)° 7 


31. 
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implying that n = 23. 


Second Solution: Note that 


(1 + tan k°)(1 + tan(45 — k)°) 
= 1+ [tank° + tan(45 — k)°] + tank°® tan(45 — k)° 
= 1+ tan 45°[1 — tan k° tan(45 — k)°] + tan k® tan(45 — k)° 
a 


Hence 


(1 + tan 1°)(1 + tan 2°)--- (1 + tan 45°) 
= (1 + tan 1°)(1 + tan 44°)(1 + tan 2°)(1 + tan 43°) 
-++ (1 + tan 22°)(1 + tan 23°)(1 + tan 45°) 
— 723 


’ 


implying that n = 23. 


[AIME 2003] Let A = (0, 0) and B = (b, 2) be points in the coordinate plane. 
Let ABCDEF be a convex equilateral hexagon such that /FAB = 120°, 
AB || DE, BC || EF, and CD || FA, and the y coordinates of its vertices 
are distinct elements of the set {0, 2, 4, 6, 8, 10}. The area of the hexagon can 
be written in the form m./n, where m and n are positive integers and n is not 
divisible by the square of any prime. Find m +n. 


Note: Without loss of generality, we assume that b > 0. (Otherwise, we can 
reflect the hexagon across the y axis.) Let the x coordinates of C, D, E, and F 
be c, d, e, and f, respectively. Note that the y coordinate of C is not 4, since 
if it were, the fact |AB| = |BC| would imply that A, B, and C are collinear or 
that c = 0, implying that ABC DE F is concave. Therefore, F = (f, 4). Since 
AF = CD, C = (c, 6) and D = (d, 10), and so E = (e, 8). Because the y 
coordinates of B, C, and D are 2, 6, and 10, respectively, and |BC| = |CD|, 
we conclude that b = d. Since AB a ED, e = 0. Let a denote the side length 
of the hexagon. Then f < 0. We need to compute 


[ABCDEF] = [ABDE] + [AEF] + [BCD] = [ABDE] + 2[AEF] 
=b-AE+(—f)- AE =8(b— f). 
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Solution: 


A 
Figure 4.4. 


First Solution: Note that f? + 16 = |AF|? =a? = |AB|? = b* +4. Apply 
the law of cosines in triangle AB F to obtain 3a” = |BF|* = (b— f)? +4. 
We have three independent equations in three variables. Hence we can solve 
this system of equations. The quickest way is to note that 


b? + f? —2bf +4=(b- f +4= 3a =a +b? 4+44 f? + 16, 
implying that a* + 16 = —2bf. Squaring both sides gives 

a* + 32a” + 167 = 4b f? = 4(a? — 4)(a* — 16) = 4a* — 80a’ + 16°, 

4 2_ 2— 2 = 10 =, 8. 

or 3a 112a“ = 0. Hence a* = 3 and sob = ~ and f = Fr 


Therefore, [ABCDEF] = 8(b—- f) = 48./3, and the answer to the problem 
is 51. 


Second Solution: Let a denote the measure (in degrees) of the standard angle 
formed by the line AB and and the x axis. Then the standard angle formed by 
the line AF and the x axis is 8 = 120° + a. By considering the y coordinates 
of B and F, we have a sina = 2 and 


aV3cosa  asina av 3cosa 


4 = asin(120° — = 1, 
asin( +a) 5 5 5 

by the addition and subtraction formulas. Hence a cosa = aa Thus, by 

considering the x coordinates of B and F’, we have b = acosa = 77 and 


f (120° + a) acosa avV3sina 8 
= acos a) = = . 
: 2 2 3 


32. 


33. 
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It follows that [ABC DEF] = 48V/3. 
Note: The vertices of the hexagon are A = (0,0), B = (48. 2), CG. = 


(6V3, 6), De ex 10), E = (0,8), and F = (--.4). 


Show that one can use a composition of trigonometry buttons such as, sin, cos, 
tan, sin—!, cos—!, and tan7!, to replace the broken reciprocal button on a 
calculator. 


Solution: Because cos! sin@ = 1/2 — 6, and tan(z/2 — 0) = 1/tan@ for 
0 <6 < 2/2, we have for any x > 0, 


-1o: as a apy 
tancos “sintan ~ x = tan z —tan x)/=-, 
x 


as desired. It is not difficult to check that tan sin~! cos tan—! will also do the 
trick. 


In triangle ABC, A — B = 120° and R = 8r. Find cosC. 
Solution: From Problem 25(d), it follows that 


peace: . 
2sin — sin — sin — = 


or 


A-B A+B\ .C 1 
cos cos sin ~ = —, 
2 2 2 16 


by the product-to-sum formulas. Taking into account that A — B = 120°, 
we obtain 


or 


OC <7 
2 


yielding sin & = i: Hence cosC = 1 — 2sin* 5 = g. 
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35. 


36. 
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Prove that in a triangle ABC, 


Solution: From the law of sines and the sum-to-product formulas, we have 


a—b  sinA—sinB 2sin 454 cos 444 


a+b sinA+sinB _ 2sin 442 cos 454 


A-B A+B A-B 
= tan cot = tan tan —, 
2 2 2 2 


as desired. 


In triangle ABC, § =2+ J/3 and C = 60°. Find the measure of angles A 
and B. 


Solution: From the previous problem we deduce that 


; —1 A-—B Cc 

a = tan tan —. 

zt+1 2, 2 
It follows that 

14+ 73 A=B 1 


— n . ; 
V3 +3 2 3 


and so tan 45 = 1. Thus A— B = 90°, and since A+ B = 180°—C = 120°, 


we obtain A = 105° and B = 15°. 


Let a, b, c be real numbers, all different from —1 and 1, such thata+b+c= 
abc. Prove that 


a b Cc 4abc 


ie) i= T=2 a a2)(1 —b?)(1 — ce?) 


Solution: Let a = tanx, b = tany,c = tanz, where x,y,z # ae for all 
integers k. The condition a + b+ c = abc translates to tan(x + y+ z) = 0, 
as indicated in notes after Problem 20(a). From the double-angle formulas, 
it follows that 


2tanat+yt+z) _ 
—tan2(x + y+2z) 


tan(2x + 2y + 2z) = i 


37. 


38. 
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Hence 
tan 2x + tan2y + tan2z = tan 2x tan 2y tan 2z, 


using a similar argument to the one in Problem 20(a). This implies that 


2 tan x 2tany 2 tan z 


1—tan?x 1-—tan?y 1 —tan?z 
2 tan x 2tany 2 tan z 


~ 1—tan2x 1—tan2y 1—tan?z’ 


and the conclusion follows. 


Prove that a triangle ABC is isosceles if and only if 


b 
acosB+bcosC+ccosA = So. 


Solution: By the extended law of sines, a = 2Rsin A, b = 2Rsin B, and 
c = 2RsinC. The desired identity is equivalent to 


2sinAcosB+2sinBcosC + 2sinCcosA = sinA+sinB+sinC, 


a sin(A + B) + sin(A — B) + sin(B + C) 
+ sin(B — C) + sin(C + A) + sin(C — A) 
=sinA+sinB+sinC. 
Because A+ B+ C = 180°, sin(A + B) = sinC, sin(B + C) = sin A, 
sin(C + A) = sin B. The last equality simplifies to 


sin(A — B) + sin(B — C) + sin(C — A) = 0, 
which in turn is equivalent to 


_A-B , B-C , C-A 
4 sin sin sin =0, 
2 2, 2 


by Problem 15. The conclusion now follows. 


Evaluate 
cos a cos 2a cos 3a:--cos 999a, 


_ 20 
where a = 7599: 
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Solution: Let P denote the desired product, and let 


Q = sina sin 2a sin 3a ---sin999a. 
Then 


2° PO = (2sina cosa)(2 sin 2a cos 2a) -- - (2 sin 999a cos 999a) 
= sin 2a sin 4a --- sin 1998a 

(sin 2a sin 4a - - - sin 998a)[— sin(2z — 1000a)] 

-[—sinQz — 1002a)]---[—sin(2z — 1998a)] 


= sin 2a sin 4a - -- sin 998a sin 999a sin 997a ---sina = Q. 


It is easy to see that Q # 0. Hence the desired product is P = 5305 


39. Determine the minimum value of 


secta  sec* B 


+ 
tan? B  tan?a@ 


over all a, B Mr where k is in Z. 


Solution: Seta = tan? a and b = tan? £. It suffices to determine the minimum 
value of 


1? (b+ 1)* 
ieee Aes 
b a 


with a, b > 0. We have 


@@#1)? . G41). a? 42a+1 . +2641 
+ + 
b a b a 


ll 
a 
Q 
NO 
Sle 
N 
Q]e 
Se 

+ 

N 
a ™~ 
SIS 

+ 

| 
ee 


by the arithmetic-geometric means inequality. Equality holds when a = 
b = 1; that is, a = +45° +k - 180° and 6 = +45° + k - 180°, for integers k. 
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40. Find all pairs (x, y) of real numbers with 0 < x < 4 such that 


41. 


42. 


(sin x)? (cos x)2” 


(cosx))”/2 (sin x)9?/2 


= sin 2x. 


Solution: The arithmetic-geometric means inequality gives 


(sin x)2¥ (cos x)2” 


(cosx))”/2 (sin x)¥?/2 


5 a 452 
> 2(sinx cosx)—” 4, 


It follows that 
: ‘ : y—y?/4 
2sinx cosx = sin2x > 2(sin x cos x) ; 


and because sin x cos x < 1, it follows that | < y — y*/4, or (1 — y/2)? <0. 
It follows that all the equalities hold; that is, y = 2 and sinx = cos x, and so 
there is a unique solution: (x, y) = (3, 2): 


Prove that cos 1° is an irrational number. 


Solution: Assume, for the sake of contradiction, that cos 1° is rational. Then 
so is cos 2° = 2 cos? 1° — 1. Using the identity 


cos(n° + 1°) + cos(n° — 1°) = 2cosn°® cos 1°, (*) 


we obtain by strong induction that cos n° is rational for all integers n > 1. But 
this is clearly false, because, for example, cos 30° is not rational, yielding a 
contradiction. 


Note: For the reader not familiar with the idea of induction. We can reason 
in the following way. Under the assumption that both cos 1° and cos 2° are 
rational, relation () implies that cos 3° is rational, by setting n = 2 in the 
relation (*). Similarly, by the assumption that both cos 2° and cos 3° are ratio- 
nal, relation (*) implies that cos 4° is rational, by setting n = 4 in the relation 
(«). And so on. We conclude that cos n° is rational, for all positive integers n, 
under the assumption that cos 1° is rational. 


[USAMO 2002 proposal, by Cecil Rousseau] Find the maximum value of 


S= (1-21) — y1) +  — x2) — ya) 


112 


43. 
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Solution: If we interpret x; and x2 are the coordinates of a point; that is, 
assume that P = (x1, x2), then P lies on a circle centered at the origin with 
radius c. We can describe the circle parametrically; that is, write x; = c cos, 
x2 = c sin@, and similarly, y) = ccos@¢, y2 = csing. Then 
S = 2-—c(cosé + sind +cos@+ sing) + c’ (cos 6 cos @ + sin sin d) 
=2- V2c[sin(@ + 7/4) + sin(é + 7/4)] + er cos(@ — ¢) 
COO) 96+ oF SD 6) 


: , ee : ef 
with equality at 6 = @ = 57/4, that is, x) = x2 = y) = yo = —S. 


Prove that 


for all 0 < a,b < 5. 


Solution: Multiplying the two sides of the inequality by sin a sin b+cos a cos b = 
cos(a — b), we obtain the equivalent form 


sinta cos°a ‘ ' 
- + (sina sinb + cosacosb) > 1. 
sin b cos b 


But this follows from Cauchy—Schwarz inequality because according to this 
inequality, the left-hand side is greater than or equal to (sin* a+ cos? a)? = 1. 


If sina cos B = — 7 what are the possible values of cos a sin B? 
Solution: Note that 
1 
sin(a + 6) = sinacos 6B + cosa sin B = 5 + cosa sin B. 


Because —1 < sin(a + f) < 1, it follows that -5 < cosasinB < 3. 
Similarly, because sin(a — 6) = sina cos B — cosa sin B, we conclude that 
-3 <cosasinB < 5. Combining the above results shows that 


Nie 


1 
=o <cosasin B < 


45. 
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But we have not shown that indeed, cosa sin 8 can obtain all values in the 
interval [-5. 5]. To do this, we consider 


(cosa sin B)* = (1 — sin? a)(1 — cos’ B) 

=1- (sin? a + cos” B)+ sin’ a cos” B 
5 

— ae (sin? a + cos” B) 
5 : 2 : 

a (sina + cos 6B)“ + 2 sina cos B 
1 . 4 

= rhe (sina + cos B)*. 


Let x = sina and y = cos 6. Then —1 < x, y,< landxy = —5. Consider 
the range of the sum s = sina +cosB =x+y.Ifxy = -5 andx+y=s, 
then x and y are the roots of the quadratic equation 

9 1 


u = 5 = O. (x) 


Thus, {x, y} = | stv EHD $V STH | 


[52 : : ae «ue 
say < 1, we obtains < 5. By checking similar boundary conditions, we 


conclude that the equation (+) has a pair of solutions x and y with—1 <x, y < 
1 for all — 5 <s< 5 Because both the sine and cosine functions are surjective 


functions from R to the interval [—1, 1], the range of s = sina + cos # is 
[-3. 5| for sina cos B = —5. Thus, the range of sis [0, 5]. Thus the range 


. By checking the boundary condition 


of (cos @ sin B)* is [0, il, and so the range of cos a sin B is [-5. 5]. 


Let a, b, c be real numbers. Prove that 


(ab + bce +ca — 1)? < (a* +: Ib? + (ce? + Dd. 


Solution: Let a = tanx, b = tany,c = tanz with —} < x,y,z < 4. 


Then a? + 1 = sec? x, b* + 1 = sec” y, and c* + 1 = sec” z. Multiplying by 


cos* x cos* y cos* z on both sides of the desired inequality gives 


[(ab + bc + ca — 1) cos x cos y cos z]* <i. 
Note that 


(ab + bc) cos x cos y cos z = sin x sin y cos z + sin y sin z cos x 


= sin y sin(x + z) 
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and 


(ca — 1) cos x cos y cos z = sin z sin x COS y — COS x COS y COS Z 


= — cos ycos(x + Z). 
Consequently, we obtain 


[(ab + bc + ca — 1) cosx cos y cos zi 
= [sin y sin(x + z) — cos ycos(x + ZY 


=cos'(x+y+z2) <1, 
as desired. 
Prove that 


: ; apy? 
(sinx + acosx)(sinx + bcosx) <1+ ak 


Solution: If cos x = 0, the desired inequality reduces to sin? x < 1+ (ab)? 
which is clearly true. We assume that cos x # 0. Dividing both sides of the 
desired inequality by cos” x gives 


a+b\? >) 
(tanx + a)(tanx +b) <}1+ 5) sec” x. 


2 


Set tf = tan x. Then sec 


b 2 b 2 
P+ (atbn+ab<(*2") Pees (“2*) +1, 


x = 1+. The above inequality reduces to 


or 


b\* b\? 
() Pe iat t (S ) ~ab> 0, 


The last inequality is equivalent to 


(a+b)t PS GP ai B VA 
(1) +(S) a! 


which is evident. 


47. 


48. 
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Prove that 


|sina;| + |sina2|+---+|sina,| + |cos(aj + a2 +---+ay)| = 1. 


Solution: We proceed by induction on n. The base case holds, because 
| sina,| +|cosa,| > sin’ ay + cos’ ay =1. 
For the inductive step, in order to prove that 
| sina;| + | sina2| +---+|sind,+1| + | cos(ay + a2 +---+an41)| = 1, 
it suffices to show that 
| Sin dy41| + | cos(ay + a2 +---+an41)| = | cos(ay +a. +---+an)| 


for all real numbers aj, a2, ..., dyn41. Let sg = a, +a2+---+ ax, fork = 
1,2,...,n+1.The last inequality becomes | sin a,+41|+| cos sy41| > | cos sy]. 
Indeed, by the addition and subtraction formulas, we have 


| COS Sy| = | COS(Sp+1 — Gn+1)| 


= | COS Sp41 COS An41 + SiN Sy+1 SIN Ay+1| 


= | COS Sy4.1 COS An41| + | SIN Spy SIN Ay+1| 


< | COS 5y41| + | Sin ay+1], 


as desired. 


[Russia 2003, by Nazar Agakhanov] Find all angles @ for which the three- 
element set 
S = {sina, sin 2a, sin 3a} 


is equal to the set 
T = {cosa, cos 2a@, cos 3a}. 


Solution: The answers are a = | + in for all integers k. 


Because S = T, the sums of the elements in S and T are equal to each other; 
that is, 
sina + sin 2a + sin3a@ = cosa + cos 2a@ + cos 3a. 


Applying the sum-to-product formulas to the first and the third summands 
on each side of the last equation gives 


2 sin 2a cosa + sin2a@ = 2cos 2a cosa + cos 2a, 
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or 
sin 2a(2 cosa + 1) = cos2a(2cosa@ + 1). 
If 2cosa+ 1=0, then cosa = -5, and soa = +22 + 2k for all integers 


k. It is then not difficult to check that S # T and both of S and T are not 
three-element sets. 

It follows that 2 cosa@+1 ¥ 0, implying that sin 2a = cos 2a; that is, tan2a = 
1. The possible answers are a = % + A for all integers k. Because $ + ea = 


5, cos = sin in . It not difficult to check that all such angles satisfy the 
conditions of the problem. 


Let {T, (6.3) sean be the sequence of polynomials such that To(x) = 1, T)(x) = 
x, Tj41 = 2xT;(x) — T;~-1(x) for all positive integers i. The polynomial T,, (x) 
is called the nth Chebyshev polynomial. 

(a) Prove that Tr,+1(x) and 72, (x) are odd and even functions, respectively; 

(b) Prove that 7,41(x) > T,(x) > 1 for real numbers x with x > 1; 

(c) Prove that 7, (cos @) = cos(n@) for all nonnegative integers n; 

(d) Determine all the roots of T,,(x); 

(e) Determine all the roots of P,,(x) = T,, (x) — 1. 


Solution: Parts (a) and (b) are simple facts that will be useful in establishing 
(e). We present them together. 


(a) We apply strong induction on n. Note that Jo = 1 and 7; = x are 
even and odd, respectively. Assume that 77,1 and To, are odd and even, 
respectively. Then 2x72, is odd, and so T2441 = 2x Toy — Try~1 is odd. 
Thus 2x 7)41 is even, and so Ton42 = 2xTon41 — Toy is even. This 
completes our induction. 


(b) We apply strong induction on n. Forn = 0, T)(x) = x > 1 = To(x) for 
x > 1. Assume that T,41(x) > T,(x) > 1 forx > 1 andn < k, where 
k is some nonnegative integer. For n = k + 1, the induction hypothesis 
yields 


Ty42(%) = 2x Thai (x) — Ty (x) > 2741 (x) — T(x) 
= Ty41(%) + Tri) — T(x) > Tri), 


completing our induction. 
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(c) We again apply strong induction on n. The base cases for n = O and 
n = | are trivial. Assume that 7,,(cos 6) = cos(n@) for n < k, where k 
is some positive integer. The induction hypothesis gives 


Tr+1(cos 0) = 2. cos OT; (cos 8) — Te_1 (cos 0) 
= 2cos@coské — cos[(k — 1)]. 


By the product-to-sum formulas, we have 
2cos@coské = cos[(k + 1)6] + cos[(k — 1)@]. 


It follows that 7,41 (cos @) = cos[(k + 1)@], completing our induction. 
(d 


wm 


It is clear that 7,, is a polynomial of degree n, and so it has at most n real 
roots. Note that y = cos x is a one-to-one and onto mapping from the 
interval [0, ZI. By (c), we conclude that 7,, has exactly n distinct real 
roots, and they form the set 


ka 
ea Cos S k=1,3,...,2n—1>). 


n 


(e 


wm 


By (a), J; is either even or odd, and so by (b), |7,(x)| > 1 forx < —1. 
Thus, all the roots of P,, lie in the interval [—1, 1]. We consider two cases. 


Assume first that 1 is even. A real number is a root of P, if and only if 
it is in the set 


k 
5. = { cos, b=0,2...0n], 


n 


Assume next that n is odd. A real number is a root of P,, if and only if it 
is in the set 


kn 
Se = 4} cos —, k=0,2,...,n—1>. 
n 


50. [Canada 1998] Let ABC be a triangle with BAC = 40° and ZABC = 60°. 
Let D and E be the points lying on the sides AC and AB, respectively, such 
that CBD = 40° and BCE = 70°. Segments BD and CE meet at F. 
Show that AF 1 BC. 
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Solution: 


a D 
Figure 4.5. 


Note that ABD = 20°, ZBCA = 80°, and ZACE = 10°. Let G be the 
foot of the altitude from A to BC. Then BAG = 90° — ZABC = 30° and 
LCAG = 90° — ZBCA = 10°. Now, 


sinZBAGsinZACEsinZCBD _ sin30° sin 10° sin 40° 
sin ZCAG sinZBCEsinZABD _ sin 10° sin 70° sin 20° 
5(sin 10°) (2 sin 20° cos 20°) 
sin 10° cos 20° sin 20° 
=1. 


Then by the trigonometric form of Ceva’s theorem, lines AG, BD, and CE are 
concurrent. Therefore, F lies on segment AG, and so line AF is perpendicular 
to the line BC, as desired. 


[IMO 1991] Let S be an interior point of triangle ABC. Show that at least one 
of ZSAB, SBC, and ZSCA is less than or equal to 30°. 


First Solution: The given conditions in the problem motivate us to consider 
the Brocard point P of triangle ABC witha = PAB = PBC = L£PCA. 
Because S (see Figure 4.6) lies inside or on the boundary of at least one of the 
triangles PAB, PBC, and PCA, at least one of ZSAB, ZSBC, and ZSCA 
is less than or equal to a. It suffices to show that a < 30°; that is, sina < 4 


or csc? a > 4, by considering the range of a. 


We have shown that 


csc? a = csc”? A + csc? B + csc? C. 
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By Problem 28(e) and Cauchy—Schwarz inequality, we have 
: csc? a > (sin? A-+sin? B + sin? c) (csc? A+ csc” B + csc? c) >9, 
implying that csc” a > 4, as desired. 


is 


Figure 4.6. 


Second Solution: We use radian measure in this solution; that is, we want 
to show that one of ZSAB, ZSBC, and ZSCA is less than or equal to ? 
Set x = ZSAB, y = ZSBC, and z = LSCA. Let dg, dp and d, denote the 
distance from S to sides BC, CA, and AB. Then 

de = SAsinx = SB sin(B — y), 

dq = SB sin y = SC sin(C — z), 

dy = SC sinz = SAsin(A — x). 
Multiplying the last three equations together gives 

sin x sin y sinz = sin(A — x) sin(B — y) sin(C — z). (*) 

If x + y+z < 3, then the conclusion of the problem is clearly true. Now we 
assume that x + y + z > 4; that is, (A — x) + (B — y) + (C —2z) < §. 
Now we consider the function f(x) = In(sinx), where 0 < x < 7 Then 


the first derivative of f(x) is f’(x) = SS* = cot x, and the second deriva- 
2 


x < 0. Hence f(x) is concave down. By Jensen’s 


tive is f”(x) = —csc 
inequality, we have 


1 
3 (in sin(A — x) + In sin(B — y) + In sin(C — z)) 


(A —x)+(B—y)+(C—z) 


< In sin 
3 
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implying that 
: . ; 1 . 6 1 
In (sin(A — x) sin(B — y) sin(C — z))3 < In sin — = In 2 
TU 
1 


or sin(A — x) sin(B — y) sin(C — z) < e Thus sin x sin y sinz < g, implying 
that at least one of sin x, sin y, and sin z is less than or equal to 5 as desired. 


Third Solution: We also have a clever way to apply equation (*) without 
using Jensen’s inequality. From equation (*) we have 


(sin x sin y sin z)* = sinx sin(A — x) sin y sin(B — y) sinzsin(C — z). 


Applying the product-to-sum formulas and the double-angle formulas gives 
2sinx sin(A — x) = cos(A — 2x) — cosA < 1—cosA = 2sin” $, or 
sinx sin(A — x) < sin? 4 and its analogous forms. (This step can also be 
carried by applying Jensen’s inequality. The reader might want to do so as an 


exercise.) It follows, by Problem 23(a), that 


sin x sin y sinz < sin — sin ~ sin ~ < 
2 2 2 8° 


from which our desired result follows. 


7 


(a) Show that sin? 3a — sin? 


a = sin 2a sin 3a; 

(b) Show that csc a = csc 2a + csc 4a; 

(c) Evaluate cos a — cos 2a + cos 3a; 

(d) Prove that cosa is a root of the equation 8x3 + 4x? —4x —1=0; 
(e) Prove that cos a is irrational; 

(f) Evaluate tan a tan 2a tan 3a; 

(g) Evaluate tan? a + tan? 2a + tan? 3a; 

(h) Evaluate tan? a tan” 2a + tan? 2a tan? 3a + tan” 3a tan? a. 


(i) Evaluate cot? a + cot” 2a + cot? 3a. 


Solution: Many of the desired results are closely related. Parts (d) and (e) 
will be presented together, as will (f), (g), (h), and (i). 
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(a) By the sum-to-product, the difference-to-product and the double- 
angle formulas, we have 


* a = (sin3a + sina)(sin 3a — sina) 


sin* 3a — sin 
= (2sin 2a cos a)(2 sina cos 2a) 
= (2 sin 2a cos 2a)(2 sina cos a) 
= sin 4a sin 2a = sin 2a sin 3a, 
as desired. The last identity is evident by noting that 4a + 3a = m (and 
so sin 3a = sin 4a). 


(b) It suffices to show that 


ma 


sin 2a sin4a = sina(sin 2a + sin 4a), 
or 
2 sina cosa sin 4a = sina(2 sin 3a cosa), 


by the sum-to-product formulas. 


The answer is 5. It suffices to show that cos 2a + cos 4a+cos 6a = — 5. 
This is a special case (n = 3) of a more general result: 


(c 


wm 


1 
t = cos 2x + cos4x +--+ + cos2nx = a5: 


where x = 37 ;. Indeed, applying the product-to-sum formulas gives 


2 sinx coskx = sin(k + 1)x — sin(k — 1)x, and so 
2t sinx = 2sinx(cos 2x + cos4x +---+ cos 2nx) 
= [sin 3x — sinx] + [sin 5x — sin 3x] 
+.---+ [sin(Qn + 1)x — sin(2n — 1)x] 
= sin(2n + 1)x — sinx = —sinx, 
from which the desired equality follows. 
(d 


wm 


Because 3a + 4a = 7, it follows that sin 3a = sin 4a. The double-angle 
and triple-angle formulas yield 


sina(3 — Asin? a) = 2sin2acos2a = 4sinacosacos 2a, 
or 3 — 4(1 — cos* a) = 4cosa(2 cos* a — 1). It follows that 
8cos*a — 4cos*a —4cosa+1= 0, 
establishing (c). Thus u = 2 cosa is the root of the cubic equation 


uw —u?—2u+1=0. (*) 
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By Gauss’s lemma, the only possible rational roots of the above cubic 
equation are | and —1. It is easy to see that neither is a root. Hence the 
above equation has no rational root, implying that 2 cos a is not rational. 
Therefore, cos a is not rational. 


Note: Although converting to equation (*) is not necessary, it is a very 
effective technique. Instead of checking of eight possible rational roots 
1 


from the set { i + 41 } of the equation 


i 


8x? — 4x* —4x +1=0, 


we need to check only two possibilities for equation («). 

Because 3a + 4a = 77, it follows that tan 3a + tan 4a = 0. The double- 

angle and the addition and subtraction formulas yield 
tana + tan 2a 2 tan 2a 
1—tanatan2a 1-—tan?2a — 


’ 


or 
tana + 3 tan 2a — 3 tana tan’ 2a — tan? 2a = 0. 
Set tana = x. Then tan 2a = ang = *, Hence 
—tan-a l—x 
i 6x 1337 8x3 6 
x = 0, 
l—x? (l—x?)? (1— x?) 
or 


3 2 
(1-2?) +6 (1-2?) - 12x? (1-27) - 8x? =0. 
Expanding the left-hand side of the above equation gives 
x® — 21x* + 35x* -7=0. (1) 


Thus tana is a root of the above equation. Note that 6a + 8a = 27 and 
9a + 12a = 3x, and so tan[3(2a)] + tan[4(2a)] = 0 and tan[3(3a)] + 
tan[4(3a)] = 0. Hence tan 2a and tan 3a are the also the roots of equation 
(+). Therefore, tan? ka, k = 1,2, 3, are the distinct roots of the cubic 
equation 

x? — 21x? + 35x -7=0. 


By Viéte’s theorem, we have 
tan? a + tan? 2a + tan? 3a = 21; 
2 2 2 2 2 Dien a ' gee 
tan“ a tan* 2a + tan“ 2a tan“ 3a + tan“ 3a tan“ a = 35; 


tan’ a tan? 2a tan? 3a = 7. 
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Thus the answers for (f), (g), (h), and (i) are V7, 21, 35, and 5, respec- 
tively. 


Note: It is not difficult to check that the roots of the equation (7+) are tan a 
tan a ,..., tan uae On the other hand, itis interesting to note that 1, —21, 35, —7, 
the coefficients of equation (+) are (4), _ (3) ; ({) = (2). In general, we have the 
following result: For positive integers n, let a, = eer Then sin(2” + lay = 
0. The expansion formulas give 


0 = sin(2n + l)dn 


2 1 2 1 
= ( es ) eos An SiN dyn — ( ) eos? An Sin? an 


2 1 
+ ( as ) e054 ay Sint ay ies 


2. 1 2 1 
= cos”"t! q, ms tana, — eu tan? a, 
1 3 
(*" + ') 5 
+ 5 tan” dy —-:--]. 


Because cos a, 4 0, it follows that 


2n+1 2n+1 3 2n+1 5 
1 tan ay, — 3 tan? ay, + 5 tan” a, —--- =0; 


that is, tan a, is a root of the equation 


2n+1 2n+1)\ 3 2n+1\ 5 
= ee (=1)" ntl 

fe ere ceeeceny 
2n+1 Din = 2n+1 4 EH" 2n+1 <6 

0) 2 2n 


It is not difficult a see that the roots of the above equation are tan 


or 


Sart 2 


tan 22 , tan It is also not difficult to see that the roots of the 


2n+1? °° 
equation 


2n+1)\ , 2n+1\ ,-4 2n+1 
_ oe ~1)" = 
om : )x < ‘ )x feet ep") =o 


Qn 
are tan? aT tan? TH? ** 
more general results, such as 


Swot? as Gea) nnd) 
Yet at” ee) 


rant 


, tan? By Viéte’s theorem, we can obtain 


TraT" 


D 


Solutions to Advanced Problems 


1. Two exercises on sin k° sin(k + 1)°: 


(a) [AIME2 2000] Find the smallest positive integer n such that 
1 1 1 


sin45°sin46> | sin47°sin48° | 1 sin 133°sin 134° 
1 
~ sinn?’ 
(b) Prove that 
re? re : 
sin 1° sin 2° sin 2° sin 3° sin 89° sin 90° 
__ COs ile 
~ sin? 1°" 


Solution: Note that 
sin 1° = sin[(x + 1)° — x°] 
= sin(x + 1)° cosx° — cos(x + 1)° sinx®. 
Thus 
sin 1° cos x° sin(x + 1)° — sin x° cos(x + 1)° 
sin x° sin(x + )° sin x° sin(x + 1)° 
= cot x° — cot(x + 1)°. 
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(a) Multiplying both sides of the given equation by sin 1°, we have 


sin 1 


: ; = (cot 45° — cot 46°) + (cot 47° — cot 48°) 

sinn 
+-++-+ (cot 133° — cot 134°) 

= cot 45° — (cot 46° + cot 134°) + (cot 47° + cot 133°) 
—-++-+ (cot 89° + cot 91°) — cot 90° 


= 1: 


Therefore, sin n° = sin 1°, and the least possible integer value for n is 1. 


(b) The left-hand side of the desired equation is equal to 


89 1 l 89 
= tk° — cot(k + 1)° 
Do Sak sin(k++ 1° sin 1° »_[e° cot(k + 1°] 
1 te — 298 1° 
= — -CO — 5 
sin 1° sin? 1° 


thus completing the proof. 


2. [China 2001, by Xiaoyang Su] Let ABC be a triangle, and let x be a nonneg- 
ative real number. Prove that 


1 
a‘ cosA+ b* cosB+c*cosC < re + b* +c*). 


Solution: By symmetry, we may assume thata > b > c. Hence A > B>C, 
and so cos A < cos B < cosC. Thus 


(a* — b*)(cos A — cos B) < 0, 


or 
a* cosA+ b* cos B < a* cosB + b* cos A. 


Adding the last inequality with its analogous cyclic symmetric forms and then 
adding a* cos A+ b* cos B +c* cos C to both sides of the resulting inequality 
gives 
3(a* cos A + b* cos B + c* cosC) 
< (a + b* +c*)(cosA + cos B+ cosC), 


5. Solutions to Advanced Problems 127 


from which the desired result follows as a consequence of Introductory Prob- 
lem 27(b). 


Note: The above solution is similar to the proof of Chebyshev’s inequal- 
ity. We can also apply the rearrangement inequality to simplify our work. 
Because a > b > c andcos A < cos B < cosC, we have 


a* cosA+ b* cos B+ c* cosC < a* cosB + b* cosC + c* cosA 
and 
a* cosA + b* cos B+ c* cosC < a* cosC + b* cosA + c* cos B. 


Hence 
3(a* cos A + b* cos B + c* cos C) 


< (a +b* +c*)(cosA+cos B + cosC). 


3. Let x, y, z be positive real numbers. 
(a) Prove that 
x y Zz 3/3 
+ oe = 
Vi+x2 Jl+y2? V1i4+z227~ 2 
ifx+y+z=xyz; 
(b) Prove that 


x y Z 3/3 
zit > 
1—-x? 1-y*? 1-227 2 
ifO<x,y,z<landxy+yz+zx=1. 


Solution: Both problems can be solved by trigonometric substitutions. 


(a) By Introductory Problem 20(a), there is an acute triangle ABC with 
tan A = x, tan B = y, and tanC = z. Note that 
tan A tan A . 
a = sind. 


V1+tan2A seca 


The desired inequality becomes 


sinA + sin B+ sinC < —_, 


which is Introductory Problem 28(c). 
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(b) From the given condition and Introductory Problem 19(a), we can assume 
that there is an acute triangle ABC such that 


t 2 t t 

an = an — = an — =z. 
ns greens ‘ 

By the double-angle formulas, it suffices to prove that 


tan A + tan B +tanC > 3V3, 


which is Introductory Problem 20(b). 


[China 1997] Let x, y, z be real numbers with x > y > z> D such that 
x -+y-+z = 4. Find the maximum and the minimum values of the product 
COS X SiN y COS Z. 


Solution: Let p = cos x sin y cos z. Because 5 > y > z, sin(y — z) = 0. By 
the product-to-sum formulas, we have 


1 1 
p= 5 cos x[sin(y + z) + sin(y — z)] => = cosx sin(y + z) = 5 cos’ x. 


Note that x = 5 —(y +z) S$ 5 —2- 75 = 9. Hence the minimum value of 


2 
2m ia 
3 


pis 5 COS z= = obtained when x = a 


and y = z= 75- 


On the other hand, we also have 


1 1 
p= 5 cos z[sin(x + y) — sin(x — y)] < 5 cos* Z, 


by noting that sin(x — y) > 0 and sin(x + y) = cosz. By the double-angle 
formulas, we deduce that 
1 2+73 


1 1 
p <7 (1 +008 22) < 5 (1+ cos) = —, 


This maximum value is obtained if and only if x = y = a and z= +. 


. Let ABC be an acute-angled triangle, and for n = 1, 2, 3, let 


Xn = 2"3(cos” A + cos” B + cos” C) + cos Acos B cos C. 


Prove that 
Xj +x2+%32 


NI] 
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Solution: By the arithmetic-geometric means inequality, 


3 COS x 2 
cos” x + > cos” x 


for x such that cos x > 0. Because triangle ABC is acute, cos A, cos B, and 
cos C are nonnegative. Setting x = A,x = B,x = C and adding the resulting 
inequalities yields 


xy tx3> cos* A + cos” B + cos* C + 2cos A cos B cos C = 2x2. 


Consequently, 
eS; 
xj +42+%3 > 3x2 = 5 


by Introductory Problem 24(d). 


. Find the sum of all x in the interval [0, 277] such that 


3 cot? x + 8cotx +3 =0. 


Solution: Consider the quadratic equation 


3u? + 8u+3=0. 


The roots of the above equation are uj = oe and uz = a, Both 


roots are real, and their product u1u2 is equal to —1 (by Viéte’s theorem). 


Because y = cot x is a bijection from the interval (0, 77) to the real numbers, 
there is a unique pair of numbers x;,; and x21 with O < x1,1,%21 < 7 
such that cot x1; = uw; and cot x2,1 = uz. Because uj, uz are negative, 5 < 
X1,1,%2,1 < mw,and som < x11 +x2,1 < 2m. Because cotx tanx = 1 and 
both tan x and cot x have period zr, it follows that 


A 30 
| =cotxtanx = cotx cot (Fx) = cotx cot Bo 
= cot x},1 cot x21. 


Therefore, x),)+x2,1 = ar Likewise, in the interval (zr, 277), there is a unique 
pair of numbers x2 and x2,2 satisfying the conditions of the problem with 
X12+%2,2 = Le Thus the answer to the problem is x; 1 +x2,1 +%1,2+*2,2 = 
52. 
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7. Let ABC be an acute-angled triangle with area K. Prove that 


2 v) 2 
b 
(PR a4R 2 AR? 4 Og 4 SS 5 = 


Solution: We have 2K = absinC = bcsin A = ca sin B. The expression on 
the left-hand side of the desired equation is equal to 


Va2b2 — a2b2 sin? C + Vb2c2 — b2c?2 sin? A + Vc2a2 — c2a? sin? B 
=abcosC + bccosA+cacos B 


b 
= 5 (bcos C + ccos B) + 7 te cos A+ acosC) 


+ 5 (cos B + bcos A) 


a fe Rast 
=--@a ae} —:-C 
2: 2 pee 


and the conclusion follows. 


Note: We encourage the reader to explain why this problem is the equality 
case of Advanced Problem 42(a). 


8. Compute the sums 


sina + sin2a +-+-+ sin na 
1 2 n 
n n n 

cosa + cos2a+-+-+-+ cosnda. 
1 2 n 


Solution: Let S, and 7,, denote the first and second sums, respectively. Set 
the complex number z = cosa +i sina. Then, by de Moivre’s formula, we 
have z” = cosna + i sinna. By the binomial theorem, we obtain 


ley eae eee (‘}) cosa +i sina) + (5) cos2a + isin2a) 
n : 
treet ( ) (cosa + isinna 
n 


-(er (Gere (0 


= (1+z)". 
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Because 


L+z=1+cosa+isina =2cos? 5 +2i sin 5 cos 5 


= 2.cos — (cos = +isin<), 
2 2 2 

it follows that 

(1 +z)” = 2” cos” 5 (cos > +i sin =) . 
again by de Moivre’s formula. Therefore, 

(1+T7,)+iS, = (2" cos” = cos ~) +i (2" cos” is sin =) . 
2 2 2 2 
and so 
na 


Sy = 2" cos" 5 sin = and Ty = —1 +2" cos" 5 cos =. 


. [Putnam 2003] Find the minimum value of 
|sinx + cosx + tanx + cotx + secx +cscx| 


for real numbers x. 


Solution: Set a = sinx and b = cos x. We want to minimize 


P= b ae = = 
ae epee 


et ee se tere 
ab , 


a b 1 1 | 


Note that a2 +b? = sin? x +cos? x = 1. Setc = a+b. Thenc? = (a+b)? = 
1+ 2ab, and so 2ab = c* — 1. Note also that by the addition and subtraction 
formulas, we have 


2 2; 
c =sinx +cosx = ace sin x + Feo = v2sin (4 +x), 
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and so the range of c is the interval [—/2, /2]. Consequently, it suffices to 
find the minimum of 


2ab(a +b) +2+2(a +b) 


se 2ab 
c(c? — 1) +2(c+ 1) p) 
— — c+ 
c2—1 c-—1 


ag 
=|lc—1+——+1]. 
c-1 
for cin the interval [—./2, /2]. If c—1 > 0, then by the arithmetic-geometric 
means inequality, (c— 1) +4, > 2/2, and so P(c) > 1+2/2.Ifc—1 < 0, 
then by the same token, 


(c-1)+ ane (« c+ 7 )s Df? 
c—-—l l-—c 


with equality if and only if l—c= .,orc = 1— V2. It follows that the 


l-c? 


minimum value sought is |-2v2 +1 | =9./2— 1, obtained whenc = 1— J/2. 
Note: Taking the derivative of the function 


f(x) = sinx + cosx + tanx + cot x + secx + cscx 


and considering only its critical points is a troublesome approach to this prob- 
lem, because it is difficult to show that f (x) does not cross the x axis smoothly. 
Indeed, with a little bit more work, we can show that f(x) 4 0 with the pre- 
sented solution. 


. [Belarus 1999] Two real sequences x1, x2,... and yj, y2,... are defined in 


the following way: 


Yn 
Yat = — > ——_ 
7 1+ /1+y2 


for alln > 1. Prove that 2 < x,y, <3 foralln > 1. 


xy =y=V3, Xn = Xn $/1 +22, 


Solution: Writing x, = tana, for 0° < a, < 90°, by the half-angle formula 
we have 
Xavi = tandy + V1 +4 tan? a, = tana, + sec ap 


1+ sindy (~ 7 
= —— = tan 7 F 


COS An 
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Because a; = 60°, we have az = 75°, a3 = 82.5°, and in general a, = 
90° — 22. Thus 


gn-1° 
30° 30° 
Xn = tan (00° _ =) = cot (=) = cot, 


30° 
gn-1* 


where 6, = 


A similar calculation shows that 


2 tan 0, 
Yn = tan 260, = P= eae 8, 
implying that 
2 
Mee ane On 


Because 0° < 6, < 45°, we have 0 < tan?6, < 1 and XnYn > 2. Forn > 1, 
we have @,, < 30°, implying that tan? 6, < 5 and Xn Vn < 3. 


. Let a, b, c be real numbers such that 


NI] ow 


sina +sinb+ sinc > 


Prove that 
sin (a - =) + sin (b - =) + sin (¢ - =) > 0. 


Solution: Assume for contradiction that 


sin (a— =) +sin(b— =) +sin(c- 2) < 0. 


Then by the addition and subtraction formulas, we have 


3/3 


1 3 
7 (cosa +cosb+ cosc) > “a (sina +sinb+ sinc) > a 


It follows that 


3 
cosa+cosb+cosc > ce 
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which implies that 
sin (a + =) + sin (b+ =) +sin (e+ =) 
Li , ; v3 
— 5 (sina + sinb+ sinc) + “7 (cosa + cos b+ cosc) 
[33/3 33 
2 2 2 2 


3, 


which is impossible, because sin x < 1. 


12. Consider any four numbers in the interval [A va5V6 Prove that there 


are two of them, say a and b, such that 


lav =f = by 4— | 25, 


Solution: Dividing both sides of the inequality by 4 yields 


sy'- (3) -ay1-G) | <3 


We substitute 5 = sin x and 3 = sin y. The last inequality reduces to 


: ‘ ; . 0 
PSE Ce a) 1 | SIN ARC OS yi Sy Case] SSS (*) 


We want to find ft; and tz such that 


J/2-V6 V2+ V6 
sin tf} = ————— _ and. sinfy = ————_.. 
4 4 

By the double-angle formulas, we conclude that cos 2, = 1 — 2 sin? t 
=l1- ee = B = cos (+2) and cos 2t7 = = = cos Lae Because 
y = sin x is a one-to-one and onto map between the intervals [—3, 3] and 
[—1, 1], it follows that 4) = —75 and m = 35. 
We divide the interval |-4. a into three disjoint intervals of length ¢: 


i= [-4. 5), bh= [z: 5), and 23 = E +. The function y = 2 sinx 


takes the intervals /;, /2, 13 injectively and surjectively to the intervals J; = 
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[ 25-5. 2 sin 5); bh = [2sin 5. v2), i= [v2 256), respectively. 


By the pigeonhole principle, one of the intervals J, 5, or [4 contains two of 
the four given numbers, say a and b. It follows that one of the intervals 1, J, 


or 73 contains x and y such that a = 2sinx and b = 2siny. Because the 


intervals J,, Jy, and J; have equal lengths of 2, it follows that |x — y| < 2. 


6 
We have obtained the desired the inequality («). 


13. Let a and b be real numbers in the interval [0, eae Prove that 
sin a + 3 sin? acos* b +. cos°b = 1 


if and only if a = b. 


Solution: The first equality can be rewritten as 
(sin? a)? + (cos* b)? + (—1)? — 3(sin’ a)(cos* b)(—1) = 0. (x) 


We will use the identity 


1 
ety +423 -3xyz= sty t+ Ole — y+ —2) + G@—4)'). 


Let x = sin’ a, y = cos*b, and z = —1. According to equation (+) we have 
xe+y3+23—3xyz = 0. Hencex+y+z = Oor(x—y)?+(y—z)?+(z—x)? = 
0. The latter would imply x = y = z, or sin?a = cos*b = —1, which 


is impossible. Thus x + y + z = 0, so that sin? a + cos*b — 1 = 0, or 
sin? a = 1 — cos” b. It follows that sin? a = sin? b, and taking into account 
that 0 < a,b < 5, we obtain a = b. 
Even though all the steps above are reversible, we will show explicitly that if 
a = b, then 

sin® a + cos® a + 3 sin? a cos” b = 1. 


Indeed, the expression on the left-hand side could be written as 


2 2 


(sin? a +cos* a)(sin* a — sin? acos* a + cos* a)+3 sin? a cos” a 


= (sin* a + cos” a)” — 3 sin? a cos” a + 3 sin’ acos” a = 1. 


14. Let x, y, z be real numbers withO <x <y<z< x Prove that 


ue 
3 +2sinx cosy +2sin ycosz > sin2x + sin2y + sin 2z. 
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Solution: By the double-angle formulas, the above inequalities reduce to 


a 
> > 2 sin x(cos x — cos y) + 2 sin y(cos y — cos z) + 2sinzcos z, 


or 
as : : : 
ri > sinx(cos x — cos y) + sin y(cos y — cos z) + sin z cos z. 


As shown in Figure 5.1, in the rectangular coordinate plane, we consider points 
O = (0,0), A = (cosx, sinx), Ay = (cosx,0), B = (cosy, siny), By = 
(cos y,0), By = (cosy, sinx), C = (cosz,sinz), Cy = (cosz,0), Cy = 
(cos z, sin y), and D = (0, sin z). Points A, B, and C are in the first quadrant 
of the coordinate plane, and they lie on the unit circle in counterclockwise 
order. 


Figure 5.1. 


Let D denote the region enclosed by the unit circle in the first quadrant (in- 
cluding the boundary). It is not difficult to see that quadrilaterals AA, B, Bo, 
BB,C,C2, and CC; OD are nonoverlapping rectangles inside region D. It is 
also not difficult to see that [D] = Tt [AA;B,B2] = sinx(cosx — cos y), 
[B B,C,C2] = sin y(cos y — cos z), and [CC; OD] = sin zcos z, from which 
our desired result follows. 


For a triangle XY Z, let ryyz denote its inradius. Given that the convex pen- 
tagon ABCDE is inscribed in a circle, prove that if ragc = ragp and 
rABD =VTAEc; then triangles ABC and AED are congruent. 


Solution: Let R be the radius of the circle in which ABC DE is inscribed. 
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2b 


2d 
Figure 5.2. 


As shown in the proof of Problem 27(a), if ABC is a triangle with inradius r 
and circumradius R, then 


1+ 5 =cos A+ cos B + cos C = cos A — cos(A + C) + cos C. 


Let 2a, 2b, 2c, 2d, and 2e be the measures of arcs AB, BC, CD, DE, and 
EA, respectively. Thena+b+c+d-+e = 180°. Because ragc = rAepD 
and rapp = TragEc, we have 


cosa — cos(a + b) + cosb = cosd + cose — cos(d + e) (*) 
and 
cosa +cos(b+c) + cos(d + e) = cose + cos(c +d) + cos(a + dD). 


Subtracting the two equations, we obtain cos b+ cos(c+d) = cosd+cos(b+ 
Cc), or 


b+c+d b—c-—d b+c+d d—b-c 
c cos 


2.cos cos 
2 2 2 


by sum-to-product formulas. It follows that 


b-—c-—d d—b-c 
cos = cos : 


2 2 


and so b = d. Plugging this result into equation (*) yields 


cosa — cos(a+ b) + cosb = cosh + cose — cos(b + e), 
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or cosa + cos(b + e) = cose + cos(a + b). Applying the sum-to-product 
formulas again gives 


at+b+e a—b-e at+b+e e—a-—b 
2 cos cos = 2cos cos : 
2 2 2 2 
and so cos a—b-e = COs eogab It follows that a = e. Because a = e and 


b =d, triangles ABC and AED are congruent. 


. All the angles in triangle ABC are less then 120°. Prove that 


cos A+ cos B — cosC J3 
> : 
sin A + sin B — sinC 3 


Solution: Consider the triangle A; Bj C,, as shown in Figure 5.3, where ZA, = 
120° — ZA, ZB, = 120° — ZB, and ZC; = 120° — ZC. The given condition 
guarantees the existence of such a triangle. 


Cc A 


Ci 


A B Bi 
Figure 5.3. 


Applying the triangle inequality in triangle A, B,C, gives B,C; + C,A, > 
A,B; that is 
sin A; + sin By > sinC, 


by applying the law of sines to triangle A; B,C. It follows that 
sin(120° — A) + sin(120° — B) > sin(120° — C), 
or 
V3 1, 
“a (cos A +cos B —cosC) + 7 (sin A + sin B — sinC) > 0. 


Taking into account that a + b > c implies sin A + sin B — sinC > 0, the 
above inequality can be rewritten as 


V3 cosA+cosB—cosC 1 
2 sin A + sin B — sinC 2 


from which the conclusion follows. 


> 0, 
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17. [USAMO 2002] Let ABC be a triangle such that 
(cot 4) + (2 cot a) + (3 cot cy — (=) : 
2 2 2 Tr 
where s and r denote its semiperimeter and its inradius, respectively. Prove 


that triangle ABC is similar to a triangle T whose side lengths are all positive 
integers with no common divisor and determine these integers. 


Solution: Define 
u=cot~, v=cot—, w=cot—. 
2 2 
As shown in Figure 5.4, denote the incenter of triangle ABC by J, and let 


D, E, and F be the points of tangency of the incircle with sides BC, CA, and 
AB, respectively. Then |EJ| = r, and by the standard formula, |AE| = s —a. 


A 
F 
E 
B D C 
Figure 5.4. 
We have 
|AE| s—a 
u = cot = = ; 
2 |El| r 
and similarly v = > w = *—. Because 
—_ + —b _ 
S (s—a)+(s—b)+(s—c) aghiiepubcah, 


r r 


we can rewrite the given relation as 


49 G + 4y? 4 ow?| = 36(utu+w). 
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Expanding the last equality and canceling like terms, we obtain 
13u? + 160v* + 405w* — 72(uv + vw + wu) = 0, 


or 
(3u — 12v)* + (40 — 9w)? + (18w — 2u)* = 0. 


Therefore,u:v:w=1: i 5 5: This can also be realized by recognizing that 
the given relation corresponds to equality in Cauchy—Schwarz inequality 


(G2 37 27) G A Din a Bw)? | > (6-u+3-2v+2-3w)’. 


After multiplying by r, we see that 


s-—a S—b s-ce 2B SC Bere | eae) 


36 9 4 944 ~— 4436 3649 
_ 4 b Cc 


~ 73 40 45’ 


that is, triangle A BC is similar to a triangle with side lengths 13, 40, 45. 


Note: The technique of using 


a c a+c 


bd b+d 
is rather tricky. However, by Introductory Problem 19(a), we can have 


u+tv+w=uvw. 


Sinceu:v:w=1: : : 5. it follows that w = 7, v = {, and w = §. Hence 


by the double-angle formulas, sin A = +: sin B = 2, and sinC = s or 


aN 
n 


sin A = 


: 40 : 
sin B = 35> sinC = 
7 


Oo] joe 
~\s ee) 
Ww 
i) 
nn 


1 


By the extended law of sines, triangle A BC is similar to triangle T with side 


lengths 13, 40, and 45. (The circumcircle of T has diameter 33.) 


. [USAMO 1996] Prove that the average of the numbers 


2sin2°, 4sin4°, 6sin6°, ..., 180sin 180°, 


is cot 1°. 
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First Solution: We need to prove that 
2 sin 2° + 4sin 4° +---+ 178 sin 178° = 90 cot 1°, 
which is equivalent to 


2 sin 2° - sin 1° + 2(2sin4° - sin 1°) +--- + 89(2 sin 178° - sin 1°) 
= 90cos 1°. 


Note that 
2 sin 2k° sin 1° = cos(2k — 1)° — cos(2k + 1)°. 


We have 


2 sin 2° - sin 1° + 2(2sin4° - sin 1°) +--- + 89(2 sin 178° - sin 1°) 
= (cos 1° — cos 3°) + 2(cos 3° — cos 5°) 
+-+++89(cos 177° — cos 179°) 
= cos 1° + cos3° +---+ cos 177° — 89 cos 179° 
= cos 1° + (cos 3° + cos 177°) +--+ + (cos 89° + cos 91°) 
+ 89 cos 1° 
= cos 1° + 89cos 1° = 90cos 1°, 


as desired. 


Note: The techniques of telescoping sum and pairing of summands involved 
in the first solution is rather tricky. The second solution involves complex 
numbers. It is slightly longer than the first solution. But for the reader who is 
familiar with the rules of operation for complex numbers and geometric 
series, every step is natural. 


Second Solution: Set the complex number z = cos 2° + i sin 2°. Then, by 
de Moivre’s formula, we have z” = cos 2n° + i sin 2n°. Let a and b be real 
numbers such that 


Z+277 4.---4+ 89789 =a + bi. 


Because sin 180° = 0, 


1 
b= = 
p 


and it suffices to show that b = 45 cot 1°. 


(2 sin 2° + 4sin 4° + --- + 178 sin 178° + 180 sin 180°), 
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Set 
Pn(X) =x + 2x? +--+ nx". 
Then 
(1 — x) pn(x) = Pa(x) — xpn(x) =x + x7 +e tx” — nx, 
Set 


n(x) = 1 — x) pn (x) tax'tloxytyr2pe. tx", 


Then (1 — x)qn(*) = Gn(X) — XGn (xX) = x - gree, Consequently, we have 


GORY ah ae ager! 


BO) Teg yee a ge sae 


It follows that 


at bi = z+ 277 +.---+ 8928? = pgo(z) 
z—z ~— 89z0 z+1 89 


~ d—-z? l-z (-l? z-l’ 


because z?? = cos 180° +i sin 180° = —1. Note that z+1 = cis2°+cis0° = 
2cos 1° cis 1° and z — 1 = cis 2° — cis O° = 2 sin 1° cis 91°, and so 

2 cos 1° cis 1° 89 
(2sin 1° cis91°)2 2 sin 1° cis 91° 

2cos 1° cis 1° 89 cis(—91°) 


a+bi= 


~ Asin? 1° cis 182° 2sin 1° 
__ cos 1° cis(—181°) — 89cis(—91°) 
7 2 sin? 1° 2 sin 1° 


Therefore, 


_ cos 1° sin(—181°) — 89sin(—91°) _ cos 1° sin1° — 89cos 1° 


2 sin? 1° 2sinl° Qin? 1° 2 sin 1° 
cos 1° re 89 cos 1° 45 cot 1° 
= = 45 co 
2 sin 1° 2 sin 1° ; 
as desired. 


19. Prove that in any acute triangle ABC, 


cot? A + cot? B + cot? C + 6cot A cot B cot C >cotA+cot B+ cotC. 


20. 


21. 
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Solution: Let cot A = x,cot B = y,andcot C = z. Becausexy+yz+zx = 1 
(Introductory Problem 21), it suffices to prove the homogeneous inequality 


e+y t+ b6xyz > (x ty +z)(xy + yz + 2x). 
But this is equivalent to 
KA -— We“ ry - DO -2) +2G—-DeE-— ys 0, 
which is Schur’s inequality. 


[Turkey 1998] Let {a,} be the sequence of real numbers defined by a; = t 
and dyj+1 = 4an,(1 — a,) forn > 1. For how many distinct values of t do we 
have aj998 = 0? 


Solution: Let f(x) = 4x(1—x) = 1—-Qx- 1). Observe that if 0 < f@<s 
1, then 0 < x < 1. Hence if aj99g = O, then we must have 0 < t < 1. Now 
choose 0 < 6 < x such that sin@ = ./t. Observe that for any @e€R, 
f (sin? o)=4 sin? @a- sin? ¢)=4 sin? 1) cos” o= sin? 29; 
since a, = sin? 6, it follows that 
ay = sin’ 20, a3 =sin?40, ..., ajoog = sin? 2!?6. 
Therefore, aj99g = 0 if and only if sin 219979 = 0. That is, 9 = re for some 


integers k, and so the values of t for which aj99g = O are sin? (kz / 21997) where 
k € Z. Therefore we get 2!9°° + 1 such values of t, namely, sin? (ks /2!99’) 
fork = 0,1,2,---, 219, 


Triangle ABC has the following property: there is an interior point P such 
that PAB = 10°, 2PBA = 20°, ZPCA = 30°, and PAC = 40°. Prove 
that triangle ABC is isosceles. 


Solution: Consider Figure 5.5, in which all angles are in degrees. 


B 


Figure 5.5. 
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Let x = PCB (in degrees). Then ZP BC = 80° — x. By the law of sines or 
by Ceva’s theorem, 


_ PA PB PC _ sinZPBA sinZPCB sinZPAC 


~ PB PC PA sinZPAB sinZPBC sinZPCA 
™ sin 20° sin x sin 40° 2 4 sin x sin 40° cos 10° 


~~ sin 10° sin(80° — x) sin30° sin(80° — x) 


The product-to-sum formulas yield 


pe 2 sin x(sin 30° + sin50°) — sinx(1 + 2cos 40°) 
7 sin(80° — x) ~  sin(80° =x)” 


and so 
2 sin x cos 40° = sin(80° — x) — sinx = 2 sin(40° — x) cos 40°, 


by the difference-to-product formulas. We conclude that x = 40° — x, or 
x = 20°. It follows that ACB = 50° = BAC, and so triangle ABC is 
isosceles. 


2 
22. Let ay = VIE a/3As V6, and let dn41 = oy for integers n > 0. Prove 


that 
2-35 
dn = cot ( ) —2 
3 


Solution: By either the double-angle or the half-angle formulas, we obtain 


for all n. 


X COS 4 2cos* 1+ cos 
24 sin 44 2 sin 34 COS 44 sin 75 
_ L+eos(3 — %) _ 1+cos 3 cos | + sin 3 sin Z 
sin (% — 5) sin 3 cos 4 cos ¥ sin 5 
14248 4446402 
¥_vI 0 6 - V2 
— A(V6 + V2) + (V6 4+ V2)? — 4064 V2) +8 + 473 
(V6 — V/2)(V/6 + V2) 4 


= 24724734 V6 =a) +2. 


33 r 
Hence a, = cot (4 ) — 2 is true forn = 0. 
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2135 
3 


It suffices to show that b, = cot ( 
recursive relation becomes 


): where by = dy, +2,n > 1. The 


(by — 2)? —5 
b 2= , 
n+1 Dp 
or 4 
b2 -1 
baa = —. 
n+1 Pn 


. ‘ ‘ k-3 ‘ 
Assuming, inductively, that by = cot cg, where cz, = aye, yields 


bea. = ————— _ = cot 2cg = cot cg 41, 


and we are done. 


. [APMC 1982] Let 7 be an integer with n > 2. Prove that 
n n 
af 3k 
| [an Z 1+ —— = [ [cot ae 1 — —— }]. 
fa 3 37-1 ae 3 37 — J 


Solution: Let 


t . 1+ 3 d t is 1 3¢ 
uy; = tan | — = and vz; = tan | — ee re is 
i 3 31 : 3 37 1 


The desired equality becomes 


= 


ugve = 1. (*) 
k=1 
Set 
3k-1 
t = tan ——_. 
k= tn 
Applying the addition and and subtraction formulas yields 
‘ (+2) V3 +t , V3 — 
uy = tan = and vy, = ———. 
3° F-1) 1-V3t 1+ V3K 
The triple-angle formulas give 
3th — i; 


th = —, 
1— 3%; 
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implying that 


tho 3-t V3+t V3 —t 


— — . = ULUk. 
tk 1-37 1-V3n 14 V3K% 
Consequently, 
n on 4 tan (x ae ah r) 
| J@m ==-=.- = =i, 
k=1 ft 'n tan (x2) 


establishing equation (:). 


[China 1999, by Yuming Huang] Let P)(x) = x* — 2. Find all sequences of 
polynomials { P;(x)}?2., such that P(x) is monic (that is, with leading coef- 
ficient 1), has degree k, and P;(P;(x)) = Pj (Pi (x)) for all positive integers i 
and j. 


Solution: First, we show that the sequence, if it exists, is unique. In fact, for 
each n, there can be only one P,, that satisfies P, (P2(x)) = P2(P,(x)). Let 


1 


P(x) =x" + ayg_yx") +--+ tax + ao. 


By assumption, 


(x? — 2)” + an—1(x? — 2)" +--+» +. a(x? — 2) +9 
5a a ae ee ee Bg = 2. 


Consider the coefficients on both sides. On the left side, 2i is the highest power 
of x in which a; appears. On the right side, the highest power is x”*', and there 
it appears as 2a;x"*'. Thus, we see that the maximal power of a; always is 
higher on the right side. It follows that we can solve for each a; in turn, from 
n — | to 0, by equating coefficients. Furthermore, we are guaranteed that the 
polynomial is unique, since the equation we need to solve to find each aq; is 
linear. 


Second, we define P,, explicitly. We claim that P, (x) = 27), (5) (where 7,, is 
the nth Chebyshev polynomial defined in Introductory Problem 49). That is, 
P,, is defined by the recursive relation P;(x) = x, Po(x) = x? — 2, and 


Pn4i(x) = xX Py (x) — Py—1(x). 
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Because 7, (cos @) = cosn@, P,(2cos@) = 2cosné. It follows that for all 6, 


Pin(Pn(2 cos @)) = Py (2 cosné) = 2cosmnéd 
= P,(2cosm@) = Py(Pm(2 cos @)). 


Thus, Pin (Pp (x)) and Py (Pm (x)) agree at all values of x in the interval [—2, 2]. 
Because both are polynomials, it follows that they are equal for all x, which 
completes the proof. 


[China 2000, by Xuanguo Huang] In triangle ABC, a < b < c. Asa function 
of angle C, determine the conditions under which a + b — 2R — 2r is positive, 
negative, or zero. 


Solution: In Figure 5.6, set ZA = 2x, ZB = 2y, £C = 2z. Then0O < x < 
y <zandx+y+z= 4. Lets denote the given quantity a + b — 2R — 2r. 
Using the extended law of sines and by Introductory Problem 25(d), we have 


s = 2R(sin2x + sin2y — 1 — 4sinx sin y sinz). 


Figure 5.6. 


Note that in a right triangle ABC with 4C = 4, we have 2R = c and 
2r = a+b —c, implying that s = 0. Hence, we factor cos 2z from our 
expression for s. By the sum-to-product, product-to-sum, and double-angle 
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formulas, we have 
= = 2sin (x + y) cos (x — y) — 1+ 2(cos (x + y) — cos (x — y)) sinz 


= 2coszcos (x — y) — 1+ 2(sinz — cos (x — y)) sinz 
= 2cos (x — y)(cosz — sin z) — cos 2z 


cos” z — sin? z 


= 2cos (y — x) - — cos 2z 
cos z + sin z 
2 = 
_ |e - 1 sake. 
cos z + sin Z 


where we may safely introduce the quantity cos z + sin z because it is positive 
when 0 < z < 3. 
‘ : e 

Observe thatO < y—x < minfy,x+y} < min { z, oy —z}. Because 
z< 5 and z—% < 5, we have cos (y — x) > max { cosz, cos (5 —z)} = 
max{ cos z, sinz}. Hence 2 cos(y — x) > cosz+ sin z, or 

2 cos (x — 

DOSS) 4st 
cos z + sin z 


Thus, s = pcos 2z for some p > 0. It follows thats = a+ b—2R-— 2r 
is positive, zero, or negative if and only if angle C is acute, right, or obtuse, 
respectively. 


Let ABC beatriangle. Points D, E, F areonsides BC, CA, AB, respectively, 
such that |DC| + |CE| = |EA|+ |AF| = |FB| + |BD|. Prove that 


1 
|DE|+ |EF|+ |FD| = peel + |BC|+|CA)). 


Solution: As shown in Figure 5.7, Let E; and F be the feet of the perpen- 
dicular line segments from EF and F to line BC. 


A 


B Fm DEC B MPiDC Ei 
Figure 5.7. 
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We have 
|EF| > |E,F\| =a—(|BF|cosB+|CE|cosC). 
Likewise, we have 
|DE| >c— (|AE|cosA+|BD|cos B) 


and 
|FD| > b—(|CD|cosC + |AF|cos A). 
Note that |DC| + |CE| = |EA| + |AF| = |FB| + |BD| = }(a+b+c). 
Adding the last three inequalities gives 
|DE|+|EF|+|FD| 


1 
2G PRR R Og arr er eOe ace cos BR cos) 


1 
> gatb+e), 


by Introductory Problem 27(b). Equality holds if and only if the length of 
segment E'F (FD and DE) is equal to the length of the projection of segment 
EF online BC (FD on CA and DE on AB), and A = B = C = 60°, that 
is, if and only if D, EF, and F are the midpoints of an equilateral triangle. 


Let a and b be positive real numbers. Prove that 
1 1 2 
aa a 
Vita VJV1+b? ~~ Ji +ab 
if either (1) 0 < a,b < 1 or (2) ab > 3. 


Note: Part (1) appeared in the Russian Mathematics Olympiad in 2001. 


Solution: Because a and Db are positive real numbers, there are angles x and 
y, with 0 < x,y < 90°, such that tanx = a and tany = b. The desired 
inequality is clearly true when a = b. Hence we assume that a # b, or 


equivalently, x 4 y. Then 1 + a* = sec” x and Te = cos x. Note that 
a 


cosxcosy+sinxsiny cos(x — y) 


l+tab= 


COS Xx COS y COS Xx COS y 


by the addition and subtraction formulas. The desired inequality reduces to 


COS X COS y 
cosx + cos y > 2,/ —————.. (*) 
cos(x — y) 
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To establish part (1), we rewrite inequality (+) as 


4 cos x cos 
cos” x + cos” y+2cosxcosy < orem, 
cos(x — y) 


Because 0 < |x — y| < 90°, it follows that 0 < cos(x — y) < 1. Hence 


2cosx cos y < 72S*©°SY It suffices to show that 
cos(x—y) 


cos(x — y) [eos? x + cos” y| < 2cosx cos y, 


or 

cos(x — y) [cos 2x + cos2y + 2] < 4cosx cos y 
by the double-angle formulas. By the sum-to-product formulas, the last 
inequality is equivalent to 


cos(x — y)[2 cos(x — y) cos(x + y) + 2] < 2[cos(x — y) + cos(x + y)], 


or cos*(x — y) cos(x + y) < cos(x + y), which is clearly true, because for 
0 < a,b < 1, we have 0° < x,y < 45°, and so 0° < x+y < 90° and 
cos(x + y) > 0. This completes the proof of part (1). 


To prove part (2), we rewrite inequality («) as 


1 

_ 5 COS(x + + cos(x — 

peng ea ee) gore!) (oad 
2 2 cos(x — y) 


by the sum-to-product and product-to-sum formulas. Squaring both sides of 
the inequality and clearing denominators gives 


4eos*~7> ¢ ae 


Os 5 cos(x — y) > 2[cos(x + y) + cos(x — y)], 
or 


[1 + cos(x + y)][1 + cos(x — y)] cos(x — y) > 2[cos(x + y) + cos(x — y)] 


by the double-angle formulas. Setting s = cos(x + y) and t = cos(x — y), it 
suffices to prove that 


d+s)\14+)t > 2(s+0), 


or, 
0< (+s)? +(s —Dt—2s =(¢— 10 +s)t +2s]. 


Because ¢t < 1, it suffices to show that 


(l+s)t+2s <0. 
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Because ab > 3, tanx tan y > 3, or equivalently, sinx sin y > 3.cosx cos y. 
By the product-to-sum formulas, we have 


1 3 

slcos(x — y) — cos(x + y)] = SLeos(x — y) + cos(x + y)} 
ort < —2s. Because 1+ 5 > 0, (1+ oy < —(1 + s)2s. Consequently, 
(1+s)t +2s < —(1+5)2s + 2s = —2s? < 0, as desired. 


[China 1998, by Xuanguo Huang] Let ABC be a nonobtuse triangle such that 
AB > ACand/B = 45°. Let O and J denote the circumcenter and incenter of 
triangle A BC, respectively. Suppose that /2|O1| = |AB|—|AC|. Determine 
all the possible values of sin A. 


First Solution: Applying the extended law of sines to triangle ABC yields 
a = 2RsinA, b = 2Rsin B, andc = 2RsinC. If incircle is tangent to side 
AB at D (Figure 5.8). Then |BD| = *4—", and sor = | D| = |BD| tan 4 
The half-angle formulas give 


B 1—cosB foes 
a) sin B “2 v2 —1, 


and so 
pas R(v2- 1) (sin A + sinC — sin B). 


By Euler’s formula, |O/|? = R(R — 2r), so we have 
|OI|? = R2 —2Rr = R? [! — 2(sin A + sin C — sin B) (v2- 1)] 
Squaring both sides of the given equation J2\|O1| = |AB| —|AC| gives 


_ py 
jor? = a = 2R2(sinC — sin B)?. 


Therefore 
2(sin C — sin By = 1 — 2(sinA + sinC — sin B) (v2 _ 1) 


or 


2 
1-2(sine- 2) =2 (sina rsine- 2) (v2-1), (x) 
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The addition and subtraction formulas give 


sin C = sin(180° — B — A) = sin(135° — A) 


/2(sin A + cos A) 
2 


= sin 135° cos A — cos 135° sin A = 


’ 


and so 


sin C — 2 = = Pesin A +008 A - 1). 


Plugging the last equation into equation () yields 
2 
1— (sin A+cos A—1)? = 2(v2- 1) ina ie sin A + cosh= »| 


Expanding both sides of the last equation gives 


1- (sin A + cos A)* + 2(sin A + cos A) — 1 
= (v2-1) (2+ v2) sin a + (2- v2) (cos A — 1) 


or 
sin? A+cos* A+2sin Acos A = (2- v2) sin A +V/2cos A+ (2- v2) : 
Consequently, we have 

2sin Acos A — (2- v2) sin A — V2cos A+ (v2 - 1) = 0; 


that is, 


(v2sin A — 1) (V2cos A — v2 +1) = 0. 


This implies that sin A = 2 orcos A = 1 — 2 . Therefore, the answer to the 
problem is 


eyes? or sinA =vV1-—cos2A 


Z 
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A 


Figure 5.8. 


Second Solution: As shown in Figure 5.8, the incircle touches the sides 
AB, BC, and CA at D, E, and F, respectively. Let M be the foot of the 
perpendicular line segments from O to side BC. Then the line OM is the 
perpendicular bisector of BC, and |BM| = |CM|. From equal tangents, we 
have |AF| = |AE|, |BD| = |BF|, and |CD| = |CE|. Because c > b, M lies 
on segment BD. We find that 


/2|01|=c—b = (\AF|+|FB|) — (AE|+|EC) 
= |FB|—|EC| =|BD|—|DC|. 


We deduce that |BD| = |BM| + |MD| and |DC| = |CM| — |DM|. Hence 
J2|O1| = 2|DM|, or |OI| = V2|DM|. Thus lines OJ and DM form a 45° 
angle, which implies that either OJ | AB or OT || AB. We consider these 
two cases separately. 


e First Case: In this case, we assume that OJ | AB. Then OT is the 
perpendicular bisector of side AB; that is, the incenter lies on the per- 
pendicular bisector of side AB. Thus triangle ABC must be isosceles, 


with |AC| = |BC|, and so A = B = 45° and sin A = X. 
e Second Case: In this case, we assume that OJ || AB. Let N be the 


midpoint of side AB. Then OJ FN is a rectangle. Note that AON = 
ZC, and thus 


RcosLAON = RcosC = |ON| = |IF| =r. 


By the solution to Introductory Problem 27, we have 


R 
cosC = — =cosA+cosB+cosC — 1, 
i 
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implying that cos A = 1 — cos B = 1 — V2/2. It follows that 


sin A = V1 —cos2 A 


29. [Dorin Andrica] Let n be a positive integer. Find the real numbers ao and ax.,¢, 


1 < € <k <n, such that 


a2, 
ee Hat YD argcos2k— Ox 


Se 1<l<k<n 


for all real numbers x with x not an integer multiple of z. 


Solution: In this solution, we apply a similar technique to that shown in the 
first solution of Advanced Problem 18. Note that 


2 sin 2kx sinx = cos(2k — 1)x — cos(2k + 1)x. 


We have 
2 sin x(sin2x + sin4x + ---+ sin 2nx) 
= [cos x — cos 3x] + [cos 3x — cos 5x] 
+.---+ [cos(2n — 1)x — cos(2n + 1)x] 
= cosx — cos(2n + l)x = 2sinnx sin(n + 1)x, 
or 


. : . sinnx sin(n + 1)x 
s=sin2x +sin4x +---+sin2nx = ink ) ; 
sin x 


Similarly, by noting that 


2 cos 2kx sinx = sin(2k + 1)x — sin(2k — 1)x, 


we have 
2 sin x(cos 2x + cos 4x + ---+ cos 2nx) 
= [sin3x — sinx] + [sin5x — sin 3x] 
+.---+ [sin(QQn + 1)x — sin(2n — 1)x] 
= sin(2n + 1)x — sinx = 2sinnx cos(n + 1)x, 
or 


sinnx cos(n + 1)x 


c= cos2x + cos4x +---+cos2nx = - 
sin x 


5. Solutions to Advanced Problems 155 


It follows that 
sin? nx 2 _ sinnx sin(n + 1)x 2 4 sinnx cos(n + 1)x 2 
sin? x 7 sin x sin x 


On the other hand, 


s? +c? = (sin2x + sin4dx + ---+ sin 2nx)* 
+ (cos 2x + cos4x +--+ + cos 2nx)* 
=n+ > (2 sin 2€x sin 2kx + 2 cos 2£x cos 2kx) 


1<€<k<n 
=n+2 2 cos 2(k — £)x 


1<f£<k<n 


by the product-to-sum formulas. Setting ag = n and ag, = 2 solves the 
problem. 


30. [USAMO 2000] Let S be the set of all triangles ABC for which 


( 1 1 1 ) 3 6 
5 a a , = =) 
|AP|  |BQ| |CR| EAE POR s.r 


where r is the inradius and P, Q, and R are the points of tangency of the 
incircle with sides AB, BC, and CA, respectively. Prove that all triangles in 
S are isosceles and similar to one another. 


Solution: Let J be the incenter of triangle ABC. Then |JP| = |JQ| = 
|[R| = r. By symmetry, we may assume that min{|AP|,|BQ|,|CR|} = 
|AP|, as shown in Figure 5.9. Let x = tan 4, y = tan >, and z = tan 5. By 
Introductory Problem 19(a), we also have 


xytyztmux=1. (*) 


# Q C 
Figure 5.9. 
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Note that |AP| = =, |BQ| = f and |CR| = - Then the equation given in 
the problem statement becomes 


2x +5y +5z= 6. (+) 
Eliminating x from equations (*) and (:) yields 
5y? +527 + Byz —6y — 62 +2=0. 
Completing the squares, we obtain 


(3y — 1)? + Gz—- 1)? = 4G — 2)”. 
Setting 3y — 1 = u and 3z — 1 = v gives y = “4 and z = +. and so 
y — z= “3%. The above equation becomes 


5u> + 8uv + 5v- = 0. 


Because the discriminant of this quadratic equation is 8* — 4-25 < 0, the only 
real solution to the equation is u = v = O. Thus there is only one possible 
set of values for the tangents of half-angles of ABC (namely, x = ; and 
y=HzZ= 3): Thus all triangles in S are isosceles and similar to one another. 


ee eee r r TA. 
Indeed, we have x = [AP] = 3 andy =z= [BO] = [Col = 3 = 127 80 we 


can setr = 4, |AP| = |AR| = 3, and|BP| = |BQ| = |CQ| = |CR| = 12. 
This leads to |AB| = |AC| = 15 and |BC| = 24. By scaling, all triangles in 
S are similar to the triangle with side lengths 5, 5, 8. 


We can also use the half-angle formulas to calculate 


; . 2tan § 3 
sin B = sinC = ———~~ = =. 
1+tan? $ 5 
From this it follows that |AQ|:|QB|:|BA| =3:4:5and|AB|: |AC|: 
|BC| =5:5:8. 


[TST 2003] Let a, b, c be real numbers in the interval (0, x) Prove that 


sinasin(a —b)sin(a—c) — sinbsin(b — c) sin(b — a) 
sin(b + c) sin(c + a) 

sinc sin(c — a) sin(c — b) 
sin(a + b) 


> 0. 
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Solution: By the product-to-sum and the double-angle formulas, we have 


sin(a — 6) sin(a + B) = sleos 28 — cos 2a] 


2 = sin’ B. 


= sin 
Hence, we obtain 
sina sin(a — b) sin(a — c) sin(a + b) sin(a + c) 


= sin a(sin” a — sin’ b) (sin? a — sin’ Cc) 


and its analogous cyclic symmetric forms. Therefore, it suffices to prove that 


«(8-¥) 8-2 )v(ot-2) (#-e)eP A) (Ey) 20 


where x = sina, y = sinb, and z = sinc (hence x, y,z > 0). Since the 
last inequality is symmetric with respect to x, y, and z, we may assume that 
0 <x < y < z. It suffices to prove that 


<(F-#) (@-¥)He(2-2) EP) 20 (E-¥)G-8) 


which is evident, because 


(2-2) (2-14) 2e(°-#) 2-2 x(2-¥) (8-9) 


Note: The key step of the proof is an instance of Schur’s inequality with 
1 
r= 3° 


[TST 2002] Let ABC be a triangle. Prove that 


_ 3A ig 3B “ek 3C 2 A-— a i 
sin sin sin cos cos cos 
2 2 i 2 2 2 


First Solution: Let « = 4,6 = 4, y = $. Then 0° < a, B, y < 90° and 
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a+ 6+y = 90°. By the difference-to-product formulas, we have 


B-C 


sin a cos = sin3a — cos(6 — y) 


= sin3a — sin(a + 2y) 


2cos(2a@ + y) sin(a — y) 
= —2sin(a — B)sin(a — y). 


In exactly the same way, we can show that 


. 3B C-A : : 
sin 5 cos 5 = —2sin(6 — a) sin(B — y) 
and 
. 3C A-B . . 
sin 5 cos 5 = —2sin(y — @) sin(y — B). 


Hence it suffices to prove that 


sin(a — 6) sin(a — y) + sin(B — a) sin(B — vy) + sin(y — @) sin(y — B) 
> 0. 


Note that this inequality is symmetric with respect to a, 6, and y, so we 
can assume without loss of generality that 0° < a < B < y < 90°. Then 
regrouping the terms on the left-hand side gives 


sin(a — 6) sin(a — y) + sin(y — B)[sin(y — @) — sin(6 — a)], 
which is positive because the function y = sin x is increasing for 0° < x < 
90°. 


Note: Again the proof is similar to that of Schur’s inequality. 


Second Solution: We maintain the same notation as in the first solution. By 
the addition and subtraction formulas, we have 


sin 3a = sina cos 2@ + sin 2a cos aq; 
cos(B — a) = sin(2a + y) = sin2a cos y + sin y cos 2a; 
cos(B — y) = sin(2y +a) = sin2y cosa + sina cos 2y; 
sin3y = siny cos2y + sin 2y cos y. 
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By the difference-to-product formulas, it follows that 


sin 3a + sin3y — cos(B — a) — cos(B — y) 
= (sina — sin y)(cos 2a — cos 2y) 
+ (cosa — cos y)(sin 2a — sin 2y) 
= (sina — sin y)(cos 2a — cos 2y) 
+ 2(cosa@ — cos y) cos(@ + y) sin(a — y). 
Note that sin x is increasing, and cos x and cos 2x are decreasing for 0° < x < 
90°. Since 0° < a, y,a+y < 90°, each of the two products in the last sum 


is less than or equal to 0. Hence 


sin 3a + sin3y — cos(B — a) — cos(B — y) < 0. 


In exactly the same way, we can show that 


sin 36 + sin3a — cos(y — B) — cos(y — a) < 0 


and 
sin3y + sin36 — cos(a — y) — cos(a — B) < 0. 


Adding the last three inequalities gives the desired result. 


Let x1, x2,...,Xy,,n > 2, be n distinct real numbers in the interval [—1, 1]. 
Prove that 
1 1 1 5 
—+—4---+—->2"%, 
a) tn 


where t; = ITs [pil 


Solution: Let T,, denote the nth Chebyshev polynomial. Recall that (Intro- 
ductory Problem 49) 7,,(cos x) = cosnx and T,, is defined by the recursion 
Tho 1(%) = 2xT, (x) — Th-1(x), To(x) = 1, and T;(x) = x. Therefore, the 
leading coefficient of T;, is 2°-1 forn > 1, 


Now we apply the above information to the problem at hand. We can ap- 
ply Lagrange’s interpolation formula to the points x1, x2,..., x, and the 
polynomial 7,1 (x) to obtain 


PGs > Tr—1 (84) (% = 1) + = Ae) = Fag) = An) 


top RT HID Oe — Xk) OR = Xk-+1) +++ OK = Xn) 
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Equating leading coefficients, we have 


n 


gn-2 _ ys Tn—-1 (Xk) 


& (Xe =X) Oe = Hk) = KEE) + Oke — Xn)” 


Set 6; such that cos 6, = xx. Then |7;,—1 (xx) | = | cos(n — 1) Og| < 1. It follows 


that 
n 
gn-2 < ys |Tn—1 (Xx) | 
fay | KID Oe = Xk 1) CK = Xk+1) + Ok = Xn) | 
are | 
yaa 
as desired. 
34. [St. Petersburg 2001] Let x), ..., x19 be real numbers in the interval [0, 7/2] 
2 


such that sin? x; + sin? x. +--+ + sin? x19 = 1. Prove that 


3(sinx; +---+sinxj9) < cosxj +---+ cos x10. 


Solution: Because sin? x; + sin? x7 + ---+ sin? x19 = 1, 


cos x; = Yo sin? x). 
i#i 


By the power mean inequality, for each | <i < 10, 


4; Sin x; 

: i J 

cos xj = y sin? x; > saa ee 
J#i 


Summing over all the terms cos x; gives 


10 10 : 10 : 10 
sin x; sin x; . 
y COS xj > y y a y 9. =3 y sin x;, 
; 3 ‘ 3 : 
i=l i=l i=1 


i=l j#i 


as desired. 
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35. [IMO 2001 shortlist] Let x1, x2,..., xX, be arbitrary real numbers. Prove the 
inequality 
x1 x2 Xn 
+ ee 
L+x? L+x? 4x3 L+oaft---+x2 


< Jn. 


Solution: (By Ricky Liu) We make the following substitutions: x; = tana, 
x2 = sec ay tana, and 


Xk = SCC A] SEC A2--- SEC Az_1 tana,, 


with —1/2 < ag < 1/2,1 <k <n. Note that this is always possible because 
the range of tan a is (—00, 00) and sec @ is always nonzero. Then the kth term 
on the left-hand side of our inequality becomes 


sec 1 +--+ SeCaz_ tana 


1+ tan? a) +---+ sec? a] --- sec? ap,_1 tan? a, 


= COS Q] COS @2 - COS Ay SING. 
Hence the given inequality reduces to 
COS Q1 SING, + COSQ1 COS@2 SINA?2 +---+ COSA] COSA2--- COSA, SINAn 
< Jn; 
that is, 
c181 + 10282 + +++ +0102+++CnSn < Jn, 
where c; = cosa; and s; = sina; for 1 <i <n. For 2 <i <n, because 
cP + Be = cos? a; + sin? a; = 1, we note that 


2,2 Dj SD p18 2D) 29 9 = SOD 2 
CYC ++ Cj_y Sp F CYCQ ++ Cj_y CF = CYCQ +++ CGj_}. 
Therefore, 
Dep 2:20 2.99 2 2 22 2 
Sy + p87 HH C{CQ ++ Cy_aSp—1 + C702 + Cpa = I. (*) 
By («) and Cauchy—Schwarz inequality, we obtain 
CS] + C1 C282 +++ + CCQ +++ CySy 
2 ns ded 22 2) 0 22 2 
< 33 + CpSy + HCTCD + CHS A Cf Ca Ch 


VGtdt te beast 


= fet t hte +2, + c2s? 


= cos? a) + cos? a2 +--+ + cos? a,_1 + cos? a, sin? a, 


< Jn. 
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Equality in the last step can hold only when 
COS Q@| = COSQ2 = ++: = COSAyn_1] = COSA, SiINA, = 1, 


which is impossible, because cos ay sina, = 5 sin 2a, < 1. Therefore, we 
always have strict inequality, and we are done. 


[USAMO 1998] Let ao, a1, .. . , dn be numbers in the interval (0, 3) such that 


WU IT 
tan (ay — ) + tan (a) — 2) +--+ tan (ay — 2) > 0-1. 


Prove that 
tan ag tana; --- tana, >n"t!. 
Solution: Let b, = tan (ax _ =), k = 0,1,...,n. It follows from the hy- 
pothesis that for each k, —1 < by < 1, and 
lt+h> D> (-b). (x) 
O<t4k<n 


Applying the arithmetic-geometric means inequality to the positive real 
numbers 1 — by, £=0,1,...,k —1,k+1,...,n, we obtain 


1/n 


Yo d-b)=n{ [J] a-b)] .- (4) 


O0<t#k<n O<tAk<n 


From inequalities («) and () it follows that 


n n 1/n 
[ [dG +4) 22" (Me - 00 
£=0 


k=0 


and hence that 


Because 


1+ b = 1 + tan (ax — §) = tan ( 
1-b 1 — tan (ax — 5) 


the conclusion follows. 


37. 
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Note: Using a similar method, one can show that 


1 1 1 
+ +--+ + ———_ <l, 
n—-l+a, n-1l+a n—1+ay), 
where dj, d2,..., 4, are positive real numbers such that aja2---a, = 1. 


An interesting exercise is to provide a trigonometry interpretation for the last 
inequality. 


[MOSP 2001] Find all triples of real numbers (a, b, c) such that a*—2b? = 1, 
2b? — 3c? = 1, andab+be+ca =1. 


Solution: Since a* — 2b? = 1, a ¥ 0. Since 2b* — 3c? = 1,b # 0. If 
c = 0, then b = 1/2 anda = V2. It is easy to check that (a,b,c) = 
(2, 1/ J/2, 0) is a solution of the system. We claim that there are no other 
valid triples. 


We approach the problem indirectly by assuming that there exists a triple of 
real numbers (a, b,c), with abc 4 0, such that the equations hold. Without 
loss of generality, we assume that two of the numbers are positive; otherwise, 
we can consider the triple (—a, —b, —c). Without loss of generality, we assume 
that a and b are positive. (The first two equations are independent of the signs 
of a, b, c, and the last equation is symmetric with respect to a, b, and c.) By 
Introductory Problem 21, we may assume that a = cot A, b = cot B, and 
c =cotC, with 0 < A, B < 90°, where A, B, C are angles of a triangle. We 


have 
a? +1=2(b?+1) =3(c? +1). 
The last equation reduces to 
csc” A = 2csc? B = 3csc*C, 


or 
I v2 v3 
sinA  sinB sinC’ 
By the law of sines, we conclude that the sides opposite angles A, B, C have 
lengths k, /2k, \/3k, respectively, for some positive real number k. But then 
triangle ABC is aright triangle with ZC = 90°, implying that c = cot C = 0, 
a contradiction to the assumption that c # 0. Hence our assumption was 
wrong, and (a, b,c) = (v2, 14/2, 0) is the only valid triple sought. 
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38. Let n be a positive integer, and let 6; be angles with 0 < 6; < 90° such that 
cos? 6} + cos* 65 ferret cos” On = 1. 
Prove that 


tan @; + tan@)+---+tan6, > (n — 1)(cot 0; + cot @) +---+cotd,). 


Solution: (By Tiankai Liu) By the power mean inequality, for positive 


numbers x1, X2,..., Xn, we have M_; < M, < M2; that is, 
2 2 2 
n Pe a a ee Xp XZ Pe XE 
I I = = : 


For 1 <i <n, let cos0; = a;. Then 


sin6;  V1—cos?6; 
tan@; = = 
cos 6; dj 


5) 2 ha id Ge or Ga 


= ajV/n — | 


Summing the above inequalities for i from | to n gives 


n n 
1 aj 1 aj 
Ee 
i=l n- linia % coal 
ifxj 
ne 
because each ratio a; appears exactly once. 


On the other hand, we have 


10 cos 6; aj 
cotG; = — 
‘sin 6; V1 —cos2 6; 
fat tag te ta? ta?) +--+a2 
1 1 1 1 1 
SG age en 


(n—1)/n—1 ; 
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by the power mean inequality. Summing the above identities from | ton yields 


Yeo = ~ ne aa! BP, 


qj 
= Go a Aa) 


aj J 


1<i,j<n 
ij 
again, because each ratio a appears once. Combining inequalities (*) and 
J 
(*) gives 
aj di ” 
Vil rons > Dac = Yo —s(n-1°” Scot Gj, 
aj 
1<i, ee 1<i,j<n J i=1 
iZj iAj 


from which the desired result follows. 


[Weichao Wu] One of the two inequalities 


sin x cos x sin x cos x 


(sin x) < (cos x) and (sinx) > (cos x) 


is always true for all real numbers x such that 0 < x < 7. Identify that 
inequality and prove your result. 


Solution: The first inequality is true. Observe that the logarithm function is 
concave down. We apply Jensen’s inequality to the points sinx < cosx < 
sinx + cos x with weights 4; = tanx and Az = | — tanx (because 0 < x < 
/4, 41 and Az are positive) to obtain 

log(cos x) = log[tan x sinx + (1 — tan x)(sin x + cos x)] 


> tanx log(sinx) + (1 — tan x) log(sin x + cos x). 


Since sinx + cosx = J/2sin (x + sg) > 1 and tanx < 1 in the specified 
interval, the second term is positive and we may drop it to obtain 


log(cos x) > tan x log(sin x). 
Multiplying by cos x and exponentiating gives the required inequality. 


Let k be a positive integer. Prove that /k + I — Vk is not the real part of the 
complex number z with z” = 1 for some positive integer n. 


Note: In June 2003, this problem was first given in the training of the Chinese 
IMO team, and then in the MOSP. The following solution was due to Anders 
Kaseorg, gold medalist in the 44th IMO in July 2003 in Tokyo, Japan. 
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Solution: Assume to the contrary that a = /k +1 — Vk is the real part of 
some complex number z with z” = 1 for some positive leer n. Because z 


is an nth root of unity, it can be written as cos —+ an] J +i sin m ! for some integer 


j with 0 < j <n—1. Thus, a = cos 2, 


Let T,, (x) be the nth Chebyshev polynomial; that is, 7o(x) = 1, Ti(x) = x, 
and 7j41 = 2x7; (x)—7j;~1(x) fori > 1. Then 7; (cos 8) = cos(n@), implying 
that T,(@) = cos(2zj) = 1. 

Let B = Jk+1+4 Vk. Note that a8 = 1 anda + B = 2Vk +1, and so 
a? + B? = (a + B)? — 2aB = 4k + 2. Thus ta and +6 are the roots of the 
polynomial 


P(x) = (x — a(x + a) — B)(x + B) = (x? - 0”) (x - 6?) 
= x4 (4k 42)x +1. 


Let Q(x) be the minimal polynomial for a. If neither 6 nor —f is a root of 
Q(x), then Q(x) must divide 


(x —a)(x +a) =x? —[2kK+1—2Vk(K+ DI, 


and so k(k + 1) must be a perfect square, which is impossible because k? < 
k(k +1) < (k+ 1’. Therefore, either Q(6) or Q(—f) = 0 or both. We say 
that Q(6’) = 0, with either 6’ = B or p’ = —£. 

Because a is a root of T,(x) — 1, Q(x) divides T, (x) — 1 and B’ is a root of 
T,, (x) —1. However, by Introductory Problem 49(f), the roots of 7, (x)—1 are all 
in the interval [—1, 1] and |’| = /k + 1+-</k > 1, whichis a contradiction. 
Therefore, our original assumption was wrong, and /k + 1 — Vk is not the 
real part of any nth root of unity. 


Let A; A2A3 bean acute-angled triangle. Points B,, Bz, Bz are on sides A2A3, 
A3A 1, A, Az, respectively. Prove that 

2(b, cos A, + bo cos Az + b3 cos A3) > a, cos Ay + az cos Az +. a3C08 A3, 
where aj = |Aj+1Ai+2| and b; = |Bj+1Bj+2| fori = 1, 2,3 (with indices 


taken modulo 3; that is, xj43 = x;). 


Solution: As shown in Figure 5.10, let |B; Aj+1| = s; and |B; Aj+2| = t, 
i = 1,2,3.Thena; = s; +¢;. Our approach here is similar to that of Advanced 
Problem 26. Let Ay = 2A 1, Az = ZA2, and A3 = ZA3. 
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A\ 


A; EB FAs 
Figure 5.10. 


Note that segment EF, the projection of segment Bz B3 onto the line A2 A3, 
has length a; — t3 cos Az — s2 cos A3, and so 


by > a, — t3. cos A2 — S72 cos A3. 
Because 0 < A, < 90°, we know that 
bi cos Aj > a, cos Ay — t3. cos Az cos Ay — s2 cos A3 COs A]. 
Likewise, we find that 
by cos Az > az cos Az — t, cos A3 cos A2 — 53 cos A; cos A2 
and 
b3 cos A3 > a3 cos A3 — t2 cos Aj cos A3 — s, cos A2 cos A3. 


Adding the last three inequalities, we observe that 


3 3 


bee? cos Aj > ya (cos Aj — cos Aj41Aj+2). 
i=l i=l 


It suffices to show that 


3 3 
2 Yo ai (cos Aj — cos Aj+1 Ai+2) = ~ aj cos Aj, 
i=l i=l 
or 
3 
Sai (cos Aj — 2cos Aj+1Ai+2) > 0. 


i=1 
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Applying the law of sines to triangle A; A2A3, the last inequality reduces to 


3 
ye sin Aj(cos Aj — 2. cos Aj41Aj+2) = 0, 


i=1 


which follows directly from the next Lemma. 


Lemma __Let ABC be a triangle. Then the Cyclic Sum 


Y*sin A(cos A —2cos BcosC) = 0. 


cyc 
Proof: By the double-angle formulas, it suffices to show that 


yo sin2A = 2)" sin Acos A = 45 "sin Acos B cos C. 
cye cyc cyc 


Applying the addition and subtraction formulas gives 


sin Acos BcosC + sin BcosC cos A 
cos C(sin A cos B + sin B cos A) 
= cosCsin(A+ B) =cosC sinC. 


Hence 
45 ° sin A cos B cos C 
cyc 
=; 2 Y “(sin Acos BcosC + sin B cos C cos A) 
cyc 
= 2)‘ cosC sin€ = y° sin 2c, 
cyc cyc 
as desired. | 


42. Let ABC be a triangle. Let x, y, and z be real numbers, and let n be a positive 


integer. Prove the following four inequalities. 


(a) [D. Barrow] x? + y? +72> 2yzcos A + 2zx cos B+ 2xycosC. 
(b) [J. Wolstenholme] 


x7 + y? 42? > 2(-1)"*!(yzcosnA + zx cosnB + xy cosnC). 
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(c) [O. Bottema] yza* + zxb* + xyc* < R?(x + y +2)’. 
(d) [A. Oppenheim] xa* + yb? + zc? > 4[ABC]./xy + yz 4 2x. 


Note: These are very powerful inequalities, because x, y, z can be arbitrary 
real numbers. By the same token, however, they are not easy to apply. 


Solution: It is clear that part (a) is a special case of part (b) by setting n = 1. 
Parts (c) and (d) are two applications of part (b). Hence we prove only parts 
(b), (c), and (d). 


(b) Rewrite the desired inequality as 
x? +2x(—1)"(zcosnB + ycosnC) + y? +z? +2(—1)"yzcosnA > 0. 


Completing the square for x* + 2x(—1)"(zcosnB + ycosC) gives 


2 
[2° + (-1)"(zcosnB + y cosnC)| + y2 422 42(-1)"yzcosnA 


> (zcosnB + ycosnC)? 


=z’ cos*nB + y cos? nC + 2yzcosnB cosnC, 


It suffices to show that 


y? seg? 2(-1)" yzcosnA > 22 cos*nB + ¥y? cos? nC 
+ 2yzcosnBcosnC, 


or 


y* sin? nC + 27 sin? nB + 2yz [(-1)” cosnA — cosnB cos nC | > 0. 
(x) 
If n = 2k is even, then nA +nB+nC = 2kx, and so cosnA = 
cos(nB+nC) = cosnB cosnC — sinnB sinnC. The desired inequality 
(*) reduces to 


y* sin? nC + 2’ sin? nB — 2yzsinnB sinnC 
= (ysinnC — zsinnB)? > 0, 


which is evident. 


If n = 2k + 1 is even, then nA +nB+nC = (2k + 1)z, and so 
cosnA = —cos(nB + nC) = —cosnBcosnC + sinnB sinnC. The 
desired inequality (*«) reduces to 
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y’ sin? nC + 2? sin? nB — 2yzsinnB sinnC 
= (ysinnC — zsinnB)? > 0, 


which is evident. 

From the above proof, we note that the equality case of the desired 
inequality holds only if (y sinnC —zsinnB)? > 0, that is, if y sinnC = 
zsinnB, or oH = aac: By symmetry, the equality case holds only 
if x y Z 


sinnA sinnB  sinnC’ 
It is also easy to check that the above condition is sufficient for the 
equality case to hold. 


The extended law of sines gives that & = 2sin A and its analogous 
forms for g and 4. Dividing both sides of the desired inequalities by R? 
and expanding the resulting right-hand side yields 


A(yz sin? A + zx sin? B + xy sin? C) 
Sx? +y 427 + Ary t+ yz +23), 
or, by the double-angle formulas, 
x? + ae + Ze 
>2 [yz sin? A — 1) + zx(2 sin? B — 1) + xy(2sin? C — 1 
= —2(yzcos2A + zx cos2B + xycos2C), 


which is part (b) by setting n = 2. 
By the argument at the end of the proof of (b), we conclude that the 
equality case of the desired inequality holds if and only if 


Xx = “y’ 2, Zz 
sin2A  sin2B.sin2C" 


Setting x = xa”, y = yb’, and z = zc? in part (c) gives 
2 
a*b*c*(xy + yz + zx) < R? (xa? + yb? + zc”) ; 
or 
2 
16R2[ABC](xy + yz-+ zx) < R? (xa? + yb? + zc’) 


by Introductory Problem 25(a). Dividing both sides of the last inequality 
by R? and taking square roots yields the desired result. 
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By the argument at the end of the proof of (b), we conclude that the 
equality case of the desired inequality holds if and only if 


xa? yb? ze? 


sin2A  sin2B sin2C’ 


or 
xa yb ZC 


cosA cosB sinC’ 
by the double-angle formulas and the law of sines. By the law of cosines, 


we have 
a 2abc 


cosA be +c2—a2 


and its analogous forms for = me z and = cq: Therefore, the equality case 
holds if and only if 
x y z 


P+e—-e@ C+@2—-P @t+eP—e2 


Note: The approach of completing the squares, shown in the proof of (b), 
is rather tricky. We can see this approach from another angle. Consider the 
quadratic function 


f@a= x? —2x(zcos B+ ycosC) + y? +27 —2yzcosA. 
Its discriminant is 
A = 4(z cos B + y cos cy A(y? quigtis 2yzcos A) 
=4 [2 cos* B— 277 + 2yz(cos A + cos BcosC) + y? cos? C — 7] 
=4 [-2 sin? B + 2yz(—cos(B + C) + cos B cos C) — yo sin? c| 
=4 |-2 sin? B + 2yz sin B sinc — y sin? c| 
= —4(zsin B — ysinC)” <0. 


For fixed y and z and large x, f(x) is certainly positive. Hence f(x) > 0 for 
all x, establishing (a). This method can be easily generalized to prove (b). We 
leave the generalization to the reader as an exercise. 


[USAMO 2004] A circle w is inscribed in a quadrilateral ABC D. Let I be the 
center of w. Suppose that 
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(\AI| + |DI|)? + (BI| +|CI|)? = AB] + |CD))”. 


Prove that ABC D is an isosceles trapezoid. 


Note: We introduce two trigonometric solutions and a synthetic-geometric 
solution. The first solution, by Oleg Golberg, is very technical. The second so- 
lution, by Tiankai Liu and Tony Zhang, reveals more geometrical background 
in their computations. This is by far the most challenging problem in the US- 
AMO 2004. There were only four complete solutions. The fourth student is 
Jacob Tsimerman, from Canada. Evidently, these four students placed top four 
in the contest. There were nine IMO gold medals won by these four students, 
with each of Oleg and Tiankai winning three, Jacob two, and Tony one. Oleg 
won his first two representing Russia, and the third representing the United 
States. Jacob is one of only four students who achieved a perfect score at the 
IMO 2004 in Athens, Greece. 


The key is to recognize that the given identity is a combination of equality 
cases of certain inequalities. By equal tangents, we have |AB| + |CD| = 
|AD| + |BC| if and only if ABCD has an incenter. We will prove that for a 
convex quadrilateral ABC D with incenter J, then 


(JAI|+|D1|)°+(\BI|+|CI|)? < (|AB|+|CDI)? = ((AD|+|BCI)*. (*) 


Equality holds if and only if AD || BC and |AB| = |CD|. Without loss of 
generality, we may assume that the inradius of ABCD is 1. 


Figure 5.11. 


First Solution: As shown in Figure 5.11, let Aj, Bj, C;, and D, be the points 
of tangency. Because circle w is inscribed in ABCD, we can set 4D, JA = 
LAI A, =X, LA\IB = LBIB, =), ZByIC = LCIC, = Z, /C\ID => 
LDID, = w,andx+y+z+w = 180°, or x +w = 180° — (y+ 2), 
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with 0° < x, y,z, w < 90°. Then |AJ| = secx, |BI| = sec y, |CI| = sec z, 
|DI| = secw, |AD| = |AD\| + |D,D| = tanx + tanw, and |BC| = 
|BB | + |B,C| = tan y + tan z. Inequality (*«) becomes 


(sec x + sec w)? + (sec y + sec z)* < (tanx + tan y + tanz + tan w). 


Expanding both sides of the above inequality and applying the identity sec? x = 
1 + tan? x gives 
4 + 2(sec x sec w + sec y sec Z) 
< 2tanx tan y + 2 tan x tan z+ 2 tan x tan w 
+ 2tan y tanz+ 2tan y tan w + 2 tan z tan w, 
or 
2+ sec x sec w + sec y sec Z 


< tanx tan w + tan y tan z+ (tanx + tan w)(tan y + tan z). 
Note that by the addition and subtraction formulas, 


cosxcosw—sinxsinw  cos(x + w) 
1 —tanx tanw = = : 
COS X COS W COS X COS W 


Hence, 
1+ cos(x + w) 
1 — tan x tan w + sec x sec w = ——————___ 
COS X COS W 
Similarly, 


1+ cos(y + z) 
cosycosz ” 


1 — tan ytanz+ sec ysecz = 
Adding the last two equations gives 


2 + sec x sec w + Sec y sec z — tan x tan w — tan y tan z 
1+ cos(x + w) “ 1+ cos(y + z) 
“cos x cos w cosycosz ” 


It suffices to show that 


1+ cos(x + w) ab 1+ cos(y + z) 
cos x COs wW COS y COS Z 


< (tanx + tan w)(tan y + tan z), 


or 
s+¢ < (tanx + tan w)(tan y + tan z), 


: _ 14cos(x-+w) — ltcos(y+z) 
after setting s = Vso ANd t = Svcs 


tion formulas, we have 


. By the addition and subtrac- 


sin x cos w + cos x sin w sin(x + w) 
tanx + tanw = = . 
cos x COs W COS X COS W 
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Similarly, 
sin(y + Zz) _ sin(x + w) 
cosycosz cos ycosz’ 


because x + w = 180° — (y + 2). It follows that 


tan y + tanz = 


(tan x + tan w)(tan y + tan z) 


= sin2(x + w) _ 1-cos*(x + w) 
~ cosx COS y COS Z COS W i? COS X COS y COS Z COS W 
[1 — cos(x + w)][1 + cos(x + w)] 
COS X COS y COS Z COS W 
[1 + cos(y + z)][1 + cos(x + w)] 


COS X COS y COS Z COS W 


The desired inequality becomes s+? < st,or(1—s)(1—t) = l—s—t+st > 1. 
It suffices to show that | — s > 1 and 1 — +t > 1. By symmetry, we have only 
to show that 1 — s > 1; that is, 


1+ cos(x + w) = 
COS x COS W 
Multiplying both sides of the inequality by cos x cos w and applying the addi- 
tion and subtraction formulas gives 


1+ cosx cos w — sinx sinw > 2cosx cos w, 


or | > cosx cos w + sinx sinw = cos(x — w), which is evident. Equality 
holds if and only if x = w. Therefore, inequality (*) is true, with equality if 
and only if x = w and y = z, which happens precisely when AD || BC and 
|AB| = |CD|, as was to be shown. 


Second Solution: We maintain the same notation as in the first solution. 
Applying the law of cosines to triangles ADJ and BCI gives 


|AI|* + |DI|? = 2cos(x + w)|AI| - |DI| + |AD/? 


and 
|BI|? + |CI|? = 2cos(y + z)|BI|-|CI| + |BC/’. 
Adding the last two equations and completing squares gives 
(JAI| + |DII)? + (BI + ICI)? + 21AD] - [BCI 
= 2cos(x + w)|Al| -|DI| + 2cos(y + z)|BI|-|C1| 
+ 2|AI|-|DIZ|+2|BI|-|CI|+ (AD| + |BC|)*. 
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Hence, establishing inequality (*«) is equivalent to establishing the inequality 


[1 + cos(x + w)]|AZ| - |DI| + [1 + cos(y + z)]|BI| - |CZ| < [AD] - |BC]. 


Since 2[ADI] = |AD|-|ID\| = |Al|-|D7|sin(x+w), |AT|-|D7| = <A2L 
Similarly, |B/| -|CZ| = at. Because x + w = 180° — (y + z), we have 


sin(x + w) = sin(y + z) and cos(x + w) = —cos(x + w). Plugging all the 
above information back into the last inequality yields 

1 1- 

dO ETO) Spe 2 OTB). ie SA DIMIBel 

sin(x + w) sin(x + w) 
or 
1l+cos(ix+w)  1—cos(x+ w) 
|BC| |AD| 

Note that by the addition and subtraction, the product-to-sum, and the double- 
angle formulas, we have 


< sin(x + w). (kk) 


sin x sin w 
|AD| = |AD,| +|D,D| = tanx + tanw = 


cosx  cosw 
sin x cos w + cos x sin w sin(x + w) 2 sin(x + w) 


COs X COS W cosxcosw  2.cosx cos w 
4sin 24% cos 244 4sin 24% cos tu 
_ i] 2 _ 2 2 
cos(x + w)+cos(x—w)” cos(x+w)t+1l 
4sin au cos ee x+tw 
= = 2 tan : 
2 cos2 ae 


Equality holds if and only if cos(x — w) = I, that is, if x = w. (This step can 
be done easily by applying Jensen’s inequality, using the fact y = tan x is 
convex for 0° < x < 90°.) Consequently, by the double-angle formulas, 


1 — cos(x + w) 2 sin? 4" — x+tw 
JAD. 2taneee ~ PD 
sin(x + w) 
aaa ard 


In exactly the same way, we can show that 


1+ cos(x + w) _ 1 — sin(y + z) 2 sin(y + z) _ sin(x + w) 
|BC| = |BC| = 2 7 2 : 


Adding the last two inequalities gives the desired inequality (*«). Equality 
holds if and only ifx = w and y = z, which happens precisely when AD || BC 
and |AB| = |CD|, as was to be shown. 
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Third Solution: Because the circle w is inscribed in ABCD, as shown in 
Figure 5.12, wecanset DAI = LIAB =a,LABI = LIBC=b,ZBCI = 
Z4ICD=c, LCDI = LIDA =d,anda+b+c+d = 180°. Our proof is 
based on the following key Lemma. 


Lemma: /facircle w, centered at I, is inscribed in a quadrilateral ABC D, 


then 
2, /AN an cna lABl- 
IBI? + 77 BI ICI = |AB| IBC. () 


Figure 5.12. 


Proof: Construct a point P outside of the quadrilateral such that triangle 
AB P is similar to triangle DCI. We obtain 
LPAI+ZPBI=LPAB+ZBAI+ZPBA+4ZABI 
= IDC +a+ZICD+b 
=at+tb+c+d=180°, 
implying that the quadrilateral P AJB is cyclic. By Ptolemy’s theorem, we 
have |A7|-|BP|+|BI|-|AP| = |AB|- |/ P|, or 
|Al| |AP| 
|BP|-—— + |BI| - ——. 
[I P| [I P| 


Because PAIB is cyclic, it is not difficult to see that, as indicated in the 
figure, 47 PB = LIAB =a, ZAPI = LABI =b, LAIP = LABP =c, 
and PIB = ZPAB = d. Note that triangles AJ P and JCB are similar, 
implying that 


= |ABl. (+t) 


|Al| |[IC| |AP| [I B| 
—— = — and —— = —. 
[ZP| |CB| [I P| IC B| 
Substituting the above equalities into the identity (+7), we arrive at 
|\ez| (Bil? 


BP|- —~ +—— = |AB|, 
| ITB] * [Bq |AB| 
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or 
|BP|-|CI|+|BI|? = |AB|-|BC|. (ttt) 


Note also that triangle BJ P and triangle J DA are similar, implying that ral | = — 


TDI? OF 
IAT 
|BP|= -|TBI. 
[7D] 
Substituting the above identity back into ({ f+) gives the desired relation (+), 
establishing the Lemma. a 


Now we prove our main result. By the Lemma and symmetry, we have 


|D1| 
|Cz| Taq |B1|-|C1| = |CD| -|BC|. (4) 


Adding the two identities (+) and (+) gives 


wie+icre+ (4 P) ian. icr = |Bci(aBl + icp) 
|DI| — _|Al| , 
By the arithmetic-geometric means inequality, we have wt Bead ee a 


Z| IAT 


Thus, 
|BC|(|AB| + |CD|) = |Z B|? + [IC + 2|1B| -|1C| = (BI +| CII), 
where equality holds if and only if |AZ| = |DJ|. Likewise, we have 
|AD|(|AB| + |CD]) = (JAl| + | DI)’, 


where equality holds if and only if | B7| = |CJ|. Adding the last two identities 
gives the desired inequality («). 


By the given condition in the problem, all the equalities in the above discussion 
must hold; that is, |A7| = |D/J| and |BI| = |CJ|. Consequently, we have 
a = d,b = c, and so ZDAB + LZABC = 2a+ 2b = 180°, implying 
that AD || BC. It is not difficult to see that triangle AJB and triangle DIC 
are congruent, implying that |AB| = |CD|. Thus, ABCD is an isosceles 
trapezoid. 


[USAMO 2001] Let a, b, and c be nonnegative real numbers such that 


at+bh?+c+abe=4. 


Prove that 
0 <ab+be+ca— abc <2. 
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The proof of the lower bound is rather simple. From the given condition, at 
least one of a, b, and c does not exceed 1, say a < 1. Then 


ab+bce+ca—abc=a(b+c)+bc(1 —a) = 0. 


To obtain equality, we have a(b+c) = bc(1—a) = 0. Ifa = 1, thenb+c =0 
or b = c = 0, which contradicts the fact that a? + b? + c? + abc = 4. Hence 
1—a £0, and only one of b and c is 0. Without loss of generality, say b = 0. 
Therefore b+ c > O anda = O. Plugging a = b = 0 back into the given 
condition, we get c = 2. By permutation, the lower bound holds if and only if 
(a, b, c) is one of the triples (2, 0, 0), (0, 2, 0), and (0, 0, 2). We next present 
three proofs of the upper bound. 


First Solution: Based on Introductory Problem 22, we set a = 2sin 4, 
b=2sin Z and c = 2sin g, where ABC is a triangle. We have 


_ A.B . A. B 
ab = 4sin — sin — = 2,/sin A tan — sin B tan — 
2, 2 2 2, 


; B., A 
= 2,/sin A tan — sin B tan —. 
2 2 
By the arithmetic-geometric means inequality, this is at most 


: B . A 
sin A tan — + sin B tan — 
2 2 


B+C 


+ sin B cot 
2, 


A+C 
= sin Acot = 


Likewise, 


A. C+A 
+ sin C cot a 


+B 


’ B 
bc < sin B cot 


: B . A 
ca < sinC cot + sin A cot 


Therefore, by the sum-to-product, product-to-sum, and the double-angle 
formulas, we have 
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ab+bc+ca 


A+B B+C 
< (sin A + sin B) cot a f 


+ (sin B + sin C) cot 


C+A 
+ (sin C + sin A) cot as 


A-B A+B B-C B+C 
= 2cos cos +2cos cos 
2, 2 2 2, 
C-A C+A 
+ 2cos cos 
2 2 


= 2(cos A+ cos B + cosC) 


A B Cc 
Gid| sae =a sie +2 
(sin >) sin 5) + sin 5) 
=6-(7 +8 +0"). 
Using the given equality, this last quantity equals 2 + abc. It follows that 
ab+be+ca<2+abc, 


as desired. 


Second Solution: Clearly, 0 < a,b,c < 2. In the light of Introductory 
Problem 24(d), we can set a = 2cos A, b = 2cos B, and c = 2.cos C, where 
ABC is an acute triangle. Either two of A, B, and C are at least 60°, or two 
of A, B, and C are at most 60°. Without loss of generality, assume that A and 
B have this property. 


With these trigonometric substitutions, we find that the desired inequality is 
equivalent to 


2(cos Acos B + cos BcosC + cosC cos A) < 1+4cos Acos BcosC, 


or, 
2(cos A cos B + cos BcosC + cos C cos A) 


<3- 2(cos” A+ cos” B + cos” C). 


Hence, by the double-angle formulas, it suffices to prove that 


cos 2A + cos2B + cos2C 
+ 2(cos Acos B + 2cos BcosC + cosC cos A) < 0. 
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By the sum-to-product and double-angle formulas, the sum of the first three 
terms in this inequality is 


cos 2A + cos2B + cos2C 
= 2cos(A + B)cos(A — B) +2cos? (A + B)— 1 
= 2cos(A+ B)[cos(A — B) + cos(A+ B)] — 1 
= 4cos(A+ B)cosAcos B — 1, 


while the remaining terms equal 


2 cos Acos B + 2cos C(cos A + cos B) 
= cos(A+ B) +cos(A — B) —2cos(A + B)(cos A+ cos B), 


by the product-to-sum formulas. Hence, it suffices to prove that 
cos (A+ B)[4cos Acos B + 1 — 2cos A — 2cos B] + cos (A — B) < 1, 


or 
—cosC(1 —2cos A)(1 — 2cos B) + cos (A — B) < 1. (*) 


We consider the following cases: 


(i) At least one angle is 60°. If A or B equals 60°, then we may assume, 
without loss of generality, that A = 60°. If C = 60°, then because either 
A, B => 60° or A, B < 60°, we must actually have A = B = 60°, in 
which case equality holds. In either case, we may assume A = 60°. Then 
(*) becomes cos (A — B) < 1, which is always true, and equality holds 
if and only if A= B = C = 60°, that is, if and only ifa =b=c=1. 

(ii) No angle equals 60°. Because either A, B > 60° or A, B < 60°, we have 
(1 — 2cos A)(1 — 2 cos B) > 0. Since cos C > 0 and cos (A — B) < 1, 
(*) is always true. Equality holds when cos C = Oandcos (A — B) = 1. 
This holds exactly when A = B = 45° and C = 90°; that is, when 
a=b=J/2andc=0. 


Third Solution: The problem also admits the following clever purely alge- 
braic method, which is due to Oaz Nir and Richard Stong, independently. 


Either two of a, b, c are less than or equal to 1, or two are greater than or equal 
to 1. Assume that b and c have this property. Then 


b+c-—be=1-(-b)U-c) <1. (+) 
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Viewing the given equality as a quadratic equation in a and solving for a yields 


—be + [bc — 4 (b? +02) +16 
5 : 


az 


Note that 
b*c? — 4(b? +c?) + 16 < bc? — 8bc + 16 = (4— bc). 


For the given equality to hold, we must have b,c < 2, so that 4 — bc > 0. 
Hence, 
Zz ~be+|4—be| _ -be-+4 = be 


=2-—be, 
a< 5 5 Cc 


or 


2—be>a. (4) 
Combining the inequalities (+) and (+) gives 
2—be = (2—bc)-1>a(b+c— bc) =ab+ac-— abe, 


or ab +ac+ be — abc < 2, as desired. 


[Gabriel Dospinescu and Dung Tran Nam] Let s, t, u, v be numbers in the 
interval (0, 5) with s+ ¢+u-+v=7. Prove that 


J/2sins — 1 J2sint — 1 J2sinu — 1 J/2sinv —1 
+ + + 


cos s cos t COS U COS U 


> 0. 


Solution: Set a = tans, b = tant, c = tanu, and d = tan v. Then a,b, c,d 
are positive real numbers. Because s + t+ u-+v = 17, it follows that tan(s + 
t) + tan(u + v) = 0; that is, 


a+b c+td _ 
l—ab 1—cd 


’ 


by the addition and subtraction formulas. Multiplying both sides of the last 
equation by (1 — ab)(1 — cd) yields 


(a+ b)(1—cd)+(c+d)U —ab) =0, 


or 
a+b+c+d=abc+bcd+cda+ dab. 
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Consequently, we obtain 


(a+b)\(a+c\(atd) =a (a+tb+c+d)+abe+ bed + cda + dab 
= (a7 + l)(a+b+c+d), 
or 
a+ (atc)(a+d) 
a+b” a+b+c+d 


and its analogous forms. Hence 


a+1 b4+1 +1 d+ 
a+b b+ec c+d d+a 
— atojlatd+b+db+at+(ct+ac+b)+d+bydtec) 


a+b+ct+d 
_ a +b? +7 +d? + 2ab+ac +ad + be + bd + cd) 
= a+b+ct+d 


=a+b+c+d. 
By Cauchy-Schwarz inequality, we have 


Qa+tb+c+d) 


Pad Epa wetted Bees 
=datbteta (Ty c+d =) 
=[a+b)+(+ec)+(c+d)+(d-+a)] 

wad, - Bae eal ae 
(SS b+e c+d a) 


2 
> (var+1+ ve +14 Ve+1+ Vee +1) , 


or 


Vae+14+V¥e?414Ve2414Ve24+1< V2G+b+c+d). 


The least inequality is equivalent to 


1 1 1 1 sins sint sin u sin v 
+ + + sa) D + + + 


cos s cost COS U cOsSuU cos s cos t COS U COS U 


from which the desired inequality follows. 
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46. [USAMO 1995] Suppose a calculator is broken and the only keys that still work 
are the sin, cos, tan, sin—!, cos—!, and tan~! buttons. The display initially 
shows 0. Given any positive rational number q, show that we can get q to 
appear on the display panel of the calculator by pressing some finite sequence 
of buttons. Assume that the calculator does real-number calculations with 


infinite precision, and that all functions are in terms of radians. 


Sounon: Because cos~! sind = 5 —@ and tan (5 - ) — oa for0 <@ < 
5, we have for any x > 0, 
-lo Sits dd mig eee: 
tancos “ sintan” x = tan che tan” x)= -. (*) 
x 


Also, for x > 0, 
1 


feel. 


cos tan7! /x = 


=] 


sintan~! costan~! /x = /x +1. (+k) 


By induction on the denominator of r, we now prove that ./r, for every non- 
negative rational number r, can be obtained by using the operations 


tan cos 


1 
Jxrv/x+1 and xh. 


xX 


If the denominator is 1, we can obtain ./r, for every nonnegative integer r, by 
repeated application of ./x +> /x + 1. Now assume that we can get ./r for 
all rational numbers r with denominator up to n. In particular, we can get any 


of 
n+1 n+1 n+1 
4/ 7 ge ee ; 
(ee 


and ./r, for any positive r of exact denominator n + 1, can be obtained by 
repeatedly applying /x tr /x +1. 


Thus for any positive rational number r, we can obtain ./r. In particular, we 


can obtain ,/q? = q. 


so we can also get 
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47. [China 2003, by Yumin Huang] Let n be a fixed positive integer. Determine the 
smallest positive real number A such that for any 61, 62, ..., 0, in the interval 


(0, 5), if 
tan 6) tan @)--- tan @, = 2”/?, 


then 
cos 0; +cos@) +---+cosd, <i. 


Solution: The answer is 


The case n = | is trivial. If n = 2, we claim that 


2/3 
cos 0; + cos 62 < Se 


with equality if and only if 6; = 6) = tan~! /2. It suffices to show that 


2 2 4 
cos* 0; + cos* 62 + 2.cos 0; cos 62 < 37 


or 


1 1 1 
T+ tan2@, ” 1+ tan26, ae + tan? 9;) (1 + tan? 6) = 
Because tan 6; tan 62 = 2, 
(1 + tan?6,) (1 + tan? 6) = 5+ tan? 6) + tan? 6, 
By setting tan? 6; + tan 05 = x, the last inequality becomes 


2+x 1 se 
S+x 54x73? 


1 14+x 
2,/ < : 
S+x ~ 3(5+x) 
Squaring both sides and clearing denominators, we get 36(5 + x) < 196+ 
28x + x”, that is, 0 < x? — 8x + 16 = (x — 4). This establishes our claim. 


or 
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Now assume that n > 3. We claim that A = n — 1. Note that A > n — 1; by 
setting 02 = 63 = --- = 0, = @ and letting 9 — 0, we find that 6, — 4, and 
so the left-hand side of the desired inequality approaches n — 1. It suffices to 


show that 


cos 6; +cos@, +---+cos@, <n—1. 


Without loss of generality, assume that 0; > 02 > --- > 0,. Then 
tan 0 tan 62 tan 63 > a /9. 
It suffices to show that 


cos 0; + cos 62 + cos 63 < 2. (x) 


Because V1 — x2 < 1— 5x, cos0; = V1 — sin? 6; < 1— 5 sin? 6;. Conse- 


quently, by the arithmetic-geometric means inequality, 


1 
cos 62 + cos 63 < 2 — 5 (sin? 62 + sin? 65) < 2— sin 6) sin 63. 


Because 
2 
tan“ 0; > —~——_._, 

tan? 6> tan? 63 

we have 
0) 8 + tan? 6 tan? 63 
sec’ 0; > 5 5 

tan~ 62 tan~ 03 

or 
tan 62 tan 63 sin 9 sin 63 
cos 6, < 


~ 4/8 + tan? 6> tan? 63 7 V8 cos? 6) cos? 63 + sin? 6) sin? 03 
It follows that 


cos 0; + cos 62 + cos 63 


1 
< 2 — sin 6 sin 63 | 1 : 
- z 8 cos? 62 cos 63 + sin? 62 sin? 63 


It is clear that the equality 
8 cos” 62 cos” 63+ sin? 6 sin’ 63 > 1, (ek) 
establishes the desired inequality («). Inequality (:*) is equivalent to 


8 + tan? 6 tan* 63 > (1 + tan” 4>)(1 + tan? 03), 
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or 
7T> tan? Oo + tan” 63. 


Thus if tan? 6 + tan? 63 < 7, then inequality () holds, and we are done. 
Assume that tan? 62 + tan? 63 > 7. Then tan? 6, > tan? @) > 5. Then 


1 J2 
= , 
JV 1+ tan? 62 5 


cos 6; < cos@2 = 
implying that 


2/2 
cos 0; + cos 62 + cos 63 < ae 1 <2, 


establishing (+) again. 


Therefore, inequality (*) is true, as desired. 


Let ABC be an acute triangle. Prove that 


(sin2B + sin2C)* sin A + (sin2C + sin2A)* sin B 
+ (sin2A + sin 2B) sinC < 12sinAsin B sinC. 


First Solution: Applying the addition and subtraction formulas gives 
(sin2B + sin2C)’ sin A = 4sin?(B + C) cos*(B — C) sinA 
= 4sin? A cos*(B — C), 
because A + B + C = 180°. Hence it suffices to show that the cyclic sum 
Ss sin? A cos*(B —C) 
cyc 
is less than or equal to 3 sin A sin B sin C, which follows from 
y4sin* Acos(B — C) = 12sin Asin B sinC. 
cyc 
Indeed, we have 
Asin? A cos(B — C) 
= 4sin’ A sin(B + C) cos(B — C) 
= 2sin? A(sin2B + sin2C) 
= (1 —cos2A)(sin2B + sin 2C) 
= (sin2B + sin2C) — sin2Bcos2A — sin2C cos2A. 
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It follows that 


Asin? A cos(B — C) 


cyc 


= )\(sin2B + sin2C) — }° sin2B cos2A — ) "sin 2C cos2A 


cyce cyc cyc 
— oe sin2A — y sin2Bcos2A — ye sin 2A cos 2B 
cyc cyc cyc 
=2 a sin2A — Y “(sin 2B cos2A + sin2A cos 2B) 
cyc cyc 
=2 S sin2A — a sin(2B + 2A) 
cyc cyc 
=2)\sin2A +) sin2C 
cyc cyc 
= 3(sin2A + sin2B + sin2C) 
= 12sin Asin BsinC, 


by Introductory Problem 24(a). Equality holds if and only if cos(A — B) = 
cos(B — C) = cos(C — A) = 1, that is, if and only if triangle ABC is 
equilateral. 


Note: Enlarging sin? A cos?(B —C) to sin? A cos(B — C) is a very clever but 
somewhat tricky idea. The following more geometric approach reveals more 
of the motivation behind the problem. Please note the last step in the proof of 
the Lemma below. 


Second Solution: We can rewrite the desired inequality as 


Y “(sin 2B+sin 2c) sinA < 12sinAsin B sinC. 


cyc 


By the extended law of sines, we have c = 2RsinC, a = 2Rsin A, and 
b= 2R sin B. Hence 


12R? sin Asin B sinC = 3absinC = 6[ABC]. 
It suffices to show that 


R? Y “(sin 2B + sin2C)’ sin A < 6[ABC]. (x) 


cyc 


188 


103 Trigonometry Problems 


We establish the following Lemma. 


Lemma Let AD, BE,CF be the altitudes of acute triangle ABC, with 
D, E, F on sides BC, CA, AB, respectively. Then 


|DE| +|DF| <|BC|. 


Equality holds if and only if |AB| = |AC\. 


Proof: We consider Figure 5.13. Because CFA = CDA = 90°, quadri- 
lateral AF DC is cyclic, and so ZF DB = ZBAC = CAB and ZBFD = 
BCA = ZBCA. Hence triangles BDF and BAC are similar, so 


|DF| _ |BF| 
—_ = —_ =Cc 
|AC| |BC| 


os B, 
or (by the double-angle formula) 
|DF| = bcos B = 2Rsin Bcos B = Rsin2B. 
Likewise, |DE| = ccosC = R sin2C. Thus, 
|DE|+|DF| = R(sin2B + sin2C). (7) 


Since 0° < A, B,C < 90°, by the sum-to-product formula, 


|BC| — (|DE|+|DF]) = R[2sin A — (sin2B + sin 2C] 
= R[2sin A — 2sin(B + C)cos(B—C)] 
= 2Rsin A[1 —cos(B — C)] => 0, 


as desired. (This can also be proven by the law of cosines.) a 


A 


B D Cc 
Figure 5.13. 
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Because both ABDE and ACDF are cyclic, 4BDF = CDE = LCAB. 
Thus, by the Lemma, we have 


2([BFC] + [BEC]) 
= |DF|-|BC|-sinLBDF + |DE|-|BC|-sinLZEDC 
= |BC\(|DE|+|DF|) sin A > (|DE| +|DF)? sin A. 


By equation (7), the last inequality is equivalent to 

R?(sin2B + sin2C)* sin A < 2[BFC] + 2[BEC]. 
Likewise, we have 

R?(sin2C + sin2A)* sin B < 2[CDA]+ 2[CFA] 


and 
R?(sin2A + sin2B)? sinC < 2/,AEB] + 2[ADB]. 


Adding the last three inequalities yields the desired result. In view of the 
Lemma, it is also clear that equality holds if and only if triangle ABC is 
equilateral. 


[Bulgaria 1998] On the sides of a nonobtuse triangle ABC are constructed 
externally a square P4, a regular m-sided polygon P,,, and a regular n-sided 
polygon P,,. The centers of the square and the two polygons form an equilateral 
triangle. Prove that m = n = 6, and find the angles of triangle ABC. 


Solution: The angles are 90°, 45°, and 45°. We prove the following lemma. 


Lemma_ Let O be a point inside equilateral triangle XY Z. If 
LYOZ=x, LZOX=y, LXOY =z. 


then 
|OX| |OY| |OZ| 


sin(x — 60°)  sin(y — 60°) _ sin(z — 60°) 


Proof: As shown in Figure 5.14, let R denote clockwise rotation of 60° 
around the point Z, and let R(X) = X, and R(O) = O,. 
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Figure 5.14. 


Then R(Y) = X, and so triangle Z Oj O is equilateral. Consequently, triangles 
ZO,X and ZOY are congruent, and so |O; X| = |OY|. Note thatx + y+z= 
360°. We have 
L£0,0X = LZOX — (ZOO, = LZOX — 60° = y — 60°, 
LXO{O0 = LXO\Z — LOO\|Z = LYOZ — 60° = x — 60°, 
LOXO, = 180° — £0,0X — £X0O,0 =z- 60°. 


Applying the law of sines to triangle X O O; establishes the desired result. m 


Now we prove our main result. Without loss of generality, suppose that P4, Pin, 
and P, are on sides AB, BC, and CA, respectively (Figure 5.15). Let O be 
the circumcenter of triangle ABC. Without loss of generality, we assume that 
the circumradius of triangle ABC is 1,so|OA| = |OB| = |OC| = 1. Let X, 
Y, and Z be the centers of P4, Py, and P,, respectively. 


Figure 5.15. 


Because |O B| = |OC| and |YB| = |YC|, BOCY is a kite with OY as its 
axis of symmetry. Thus, BOY = £HOC = ZA, and OY B = 180°/m. Let 


5. Solutions to Advanced Problems 191 


a= ae . Applying the law of sines to triangle OBY, we obtain 
sin (A + 
|OY| = See) 
sina 


Likewise, by setting /ZOC = 1 = B, we have 


in(C + 45° in(B 
MCSE OS Dee as: Aid (OLS ee 


|Ox| = — ; 
sin 45° sin B 


Note that O is inside triangle XYZ, because it is on the respective per- 
pendicular rays from X, Y, and Z toward sides AB, BC, and CA. Because 
LBOY = ZAandZBOX = LC, we find that 2X OY = /C+ZA. Likewise, 
LYOZ = LA+ ZB and ZZOX = ZB + LC. Applying the Lemma gives 


|OY| |OZ| |OX| 


sin(B+C—60°)  sin(C + A—60°) _ sin(A+ B — 60°)’ 


or 


|OY| _ |OZ| _ |OX| 
sin(A + 60°)  sin(B + 60°) _ sin(C + 60°) 
It follows that 


sin(A + @) csca@ sin(B + B) csc B _ V2 sin(C + 45°) 


sin(A+60°) — sin(B+60°) ___ sin(C + 60°) 


Because y = cot x is decreasing for x with O° < x < 180°, by the addition 
and subtraction formulas, the function 


sin(x — 15°) 7 ewe 
f(x) = —m— = cos 15° — cotx sin 15 
x 


is increasing for x with O° < x < 90°. Consequently, because 0° < C+60° < 
150° (ZC < 90°), it follows that 


/2 sin(C + 45°) Z /2 sin(90° + 45°) 
sin(C + 60°) ~  sin(90° + 60°) 


’ 


with equality if and only if C = 90°. Therefore, 


sin(A+a)csca sin(B + B)csc B Ze (%) 
= ; * 
sin(A + 60°) sin(B + 60°) ~— 


Because triangle A BC is nonobtuse, at least two of its angles are between 45° 
and 90°. Without loss of generality, we may assume that 45° < B (< 90°), 
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so sin(B + 60°) > 0 and cot B < 1. Then from the second inequality in the 
relation (*), we have 


sin(B + B)csc B < 2sin(B + 60°), 


or 
sin Bcot B +cos B < sin B + V3cos B, 


by the addition and subtraction formulas. Dividing both sides of the above 
inequality by sin B yields 


cot B < 14+ (V73-1cotB <14+V3-1=V3, 
implying that 6 > 30°. But since n > 6, B = 180°/n < 30°. Thus all the 
equalities hold, and so ZC = 90° and ZA = ZB = 45°, as claimed. 


[MOSP 2000] Let ABC be an acute triangle. Prove that 


cos A\? cos B \? cosC \? 
Ae 4+ + 8cosAcos BcosC > 4. 


cos B cos C cos A 


Note: It is easier to rewrite the above inequality in terms of cos” A, cos” B, 
and cos* C. By Introductory Problem 24(d), we have 


4 — 8cos A cos B cos C = 4 (cos? A + cos* B + cos*C). 


It suffices to prove 


ANS BY ey 
(= y+(< y+(< ) > 4 (cos* A + cos* B + cos? C). (7) 


cos B cos C cos A 


We present three approaches. 
First Solution: By the weighted arithmetic-geometric means inequality, 
we have 
cos A \? cos B\? 3) cost A 
2 + > 3,/ —— > 
cos B cos C cos? B cos? C 
3cos* A 


~ /cos? A cos? B cos? C 
> 12 cos” A, 
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by Introductory Problem 28(a). Adding the above inequality with its analogous 
forms and dividing both sides of the resulting inequality by 3, we obtain 
inequality (7). 


Second Solution: Setting x = °S8, y = SSC 7 = 84 in Advanced 


cos C? cos A? cos B 
Problem 42(a) yields 


cos A \? cos B \? cos C \? 
(5) +(S) +(*) 
ar tyt2 
> 2(yzcos A + zx cos B + xycos C) 


_ cosCcosA  cosAcosB  cosBcosC 
= cos B cos C cos A 


However, setting 


_ cos BcosC = cos Acos B _ cosC cos A 
ay cosA ° aaa cosC oak cosB ° 


in Advanced Problem 42(a) again, we find that 
[= cosAcosB cos Bcos =| 


cos B cos C cos A 
= 2(x7 + y’ +27) 

> 4(yzcos A + zx cos B + xy cos C) 
=4 (cos? A+ cos” B + cos” c) ; 


by noting that 


cosAcosB cosCcosA 2 
yzcosA =cosA . = cos’ A 
cos C cos B 


and its analogous forms for zx cos B and xy cosC. 


Third Solution: The result follows from the following Lemma. 


Lemma _ For positive real numbers a, b,c such that abc < |, 


a bc 

~+-+-Zza+b+c., 

b cea 

Proof: Replacing a, b, c by ta, tb, tc with t = 1//abc leaves the left-hand 
side of the inequality unchanged and increases the value of the right-hand 
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side and results in the equality atbtct = abct? = 1. Hence we may assume 
without loss of generality that abc = 1. Then there exist positive real numbers 
x, y, z such thata = x/y,b = z/x,c = y/z. The rearrangement inequality 
gives 


Pay te Sac yee y: 


Thus 
i Bee 52 y? 22 eP+y423 
Se ate + = 
b c a yz zx xy XYZ 
2 2 2 
XZ + WX+Z x Z 
> > eee 
XYZ Yr Zs ox 
=a+t+b+c, 
as desired. | 


Now we prove our main result. Note that 
(4 cos” A) (4 cos” B) (4 cos” c) = (8cos Acos B cos cy <1 


by Introductory Problem 28(a). Setting a = 4cos* A, b = 4cos* B,c = 
4 cos* C in the Lemma yields 


cos A ef cos B a cos C \? Big a8 rare 
— a Cc 
cos B cos C cos A b ca 


= A(cos” A + cos” B + cos” C), 


establishing inequality (7). 


For any real number x and any positive integer n, prove that 


n 


sin kx 
Bae 


k=1 


<2/n. 


Solution: The solution is based on the following three Lemmas. 


Lemmal = Letn be apositive integer, and leta,, a2, ..., a, andb,, bz, ..., by 
be two sequences of real numbers. Then 


n—-1 


n 
S anbk = Snbn + © Se(be = bev), 
k=1 k=1 


5. Solutions to Advanced Problems 


where Sy = a, +d2+---+ax, fork =1,2,...,n. 
Proof: Set So = 0. Then ax = Sz — Sg—1 fork = 1,2,...,, and so 


n 


n n n 
Yo anbe = Yi (Sk — Sk) dk = ‘2 Skbk — ye Sk—1Dk 
k=1 k=1 


k=1 k=1 

n=1 n 

= Snbn + 2 Sebi — YO Sk-1bk — Sob 
k=1 k=2 
nol n—-1 

= Snrba + SS SDK = x Sebg+1 
k=1 k=1 
n—1 

= Subn + D2 Silda = bit), 
k=1 


as desired. 


Lemma2_ [Abel’s inequality] Letn be a positive integer, andleta,, a2,... 
and bi, b2,..., bn be two sequences of real numbers with b, > bz => --- 


b, > 0. Then 


n 
mb, < So anche < Mb, 
k=1 


195 


> an 
2 


where Sp = a, + a2 +-+--+ a, fork = 1,2,...,n, and M and m are the 


maximum and minimum, respectively, of { S,, S2,..., Sn}. 


Proof: Note that by, > 0 and by — by41 > Ofork = 1,2,...,n—1. Lemma 


1 gives 
n n—1 
Y > axbt = Snbn + )~ Se(be — bes) 
k=1 k=1 
n—-1 
< Mbn + MY 1x — be+1) = Mb1. 
k=1 


establishing the second desired inequality. In exactly the same way, we can 


prove the first desired inequality. 


Lemma 3_ Let x be a real number that is not an even multiple of 1, then 


Z 1 
~ (m+ 1) |sin §|’ 


sin kx 
k 


k=m+1 
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where m and n are positive integers with m <n. 


Proof: Fork = 1,2,...,n—m, letag = sin[(k-+m)x] sin § and by = 


k+m* 
Then by Lemma 2, we have 


n ° 7 Xx 
Ss sin kx sin 5 

=sbi < ) ——=) agbe < Sb, = ——, 
k m 
k=m+1 k=1 


where S$; = aj ta. +---+ ay, and S$ = max{$), So,...S,} ands = 
min{S), S2,..., Sn}. The product-to-sum formulas give 


2a; = 2 sin[(i + m)x] sin 5 


. 1 : 1 
= cos (i+m— 5) x—cos(i+m+ 5). 


1 1 
2S) = 2ay +209 +--+ 2a = 00 (m+ 5) x 00s (km + 5) x 


and so 


It follows that —2 < 2S; <2 fork = 1,2,...,n,andso—l<s<S< 1. 
Consequently, 


1 “\ sinkx sin 5 1 
-~—_— =-b) <sh< )) —— < Sb, <b) = —_., 
m+1 k m+ 1 
k=m+1 
implying that 
"\ sinkx sin = 1 
” eae 
amas k m+ 1 

from which the desired result follows. | 


Now we are ready to prove our main result. Because y = | sin x| is a periodic 
function with period 2, we may assume that x is in the interval (0, 7). (Note 
that the desired result is trivial for x = 0.) For a fixed x with O < x < z, let 
m be the nonnegative integer such that 


aD satu 
x 


Thus 


"\ sinkx 
De k . 


k=m+1 


sin kx 
DES 


k=1 


5. Solutions to Advanced Problems 
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Here we set the first summation on the right-hand side to be 0 if m = 0, and 


the first summation taken from | to n and the second to be 0 if m > n. It 
suffices to show that 
m 


sin kx 
as: 


< Ja (*) 
k=1 
and 
". sinkx 
Lee (8) 
k=m+1 
Because | sinx| < x and by the definition of m, it follows that 
m . m m 
sin kx kx 
yey Bay 
k=1 k=1 


establishing inequality (*). On the other hand, by Lemma 3, we have 


3 sin kx 


1 
k 
k=m+1 


~ (m + 1) |sin $| 
Note that y = sin x is concave for0 < x < 


5. Thus, the graph of y = sin x is 
above the line connecting the points (0, 0) and (3. 1) on the interval (0, z); 
that is, sinx > 2x 


= . Hence for 0 < x < 2, we have 


25% iy 
sin = <—=~=-. 
2 4 W 
It follows that 
n . 
yp eZ Bate 1 pl ES 
ipa (m + 1) |sin 5| m+1 a x 0 


establishing inequality (+). Our proof is thus complete. 
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Arithmetic-Geometric Means Inequality 


If n is a positive integer and aj, a2, ..., dy, are nonnegative real numbers, then 
1 n 
1 
=a > (ayaz-++an)'/", 
reer 
i= 


with equality if and only if aj = az = --- = ay. This inequality is a special case of 
the power mean inequality. 


Arithmetic-Harmonic Means Inequality 


If aj, a2, ..., A, aren positive numbers, then 
on 4 = Ton 1° 
i i=l n Dt qj 
with equality if and only if aj = a7 = --- = ay. This inequality is a special case of 


the power mean inequality. 
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n\ _ n! 
(‘) ~ kin — bY? 


the coefficient of x* in the expansion of (x + 1)”. 


Binomial Coefficient 


Cauchy—Schwarz Inequality 
For any real numbers a1, a2,..., Gn, and bj, bo, ..., dn 
(a? + as +--+ +a2)(bt +5 +--+ +b?) 
> (abi + anbo +++» + anbn)?, 


with equality if and only if a; and b; are proportional, i = 1, 2,...,n. 


Ceva’s Theorem and Its Trigonometric Form 
Let AD, BE, CF be three cevians of triangle ABC. The following are equivalent: 
(i) AD, BE, CF are concurrent; 


Gi) |AF| |BD| |CE|_, 
|FB| |DC| |EA| ” 


sn/ABE sin/BCF sinZCAD _ 


(ll) inZEBC sinLFCA sinLDAB ~ 


Cevian 


A cevian of a triangle is any segment joining a vertex to a point on the opposite side. 


Chebyshev’s Inequality 


1. Let x1, x2,...,%, and y1, y2,..., Y, be two sequences of real numbers such 
that xj < x2 <--- <x, and yj < y2 <--- < yy. Then 


1 
rd Ha be + nO + Ya +++ + Yn) S Mat + X2V2 4 +++ + Anne 
2. Let x1, x2,...,X, and yj, y2,..., Y, be two sequences of real numbers such 
that xj > x2 >--- > x, and yj > y2 >--- > yy. Then 


1 
5 Le se Pen OLE a Ye) LYLE MBO eh tne 
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Chebyshev Polynomials 


Let {T, (VE 5 be the sequence of polynomials such that 7o(x) = 1, Ti(x) = x, 
and Tj, = 2xT;(x) — T;~1(x) for all positive integers i. The polynomial T,, (x) is 
called the nth Chebyshev polynomial. 


Circumcenter 


The center of the circumscribed circle or sphere. 


Circumcircle 


A circumscribed circle. 


Convexity 


A function f(x) is concave up (down) on [a, b] C R if f(x) lies under (over) the 
line connecting (a;, f(a,)) and (b;, f(b1)) for all 


a<a<x<b <b. 


Concave up and down functions are also called convex and concave, respectively. 
If f is concave up on an interval [a, b] and 41, Ao, ..., An are nonnegative numbers 
with sum equal to 1, then 


Arf (1) + Ao f (x2) ++ + An fn) = fre + Aax2 +--+ + Anxn) 


for any x1, x2,...,X, in the interval [a, b]. If the function is concave down, the 
inequality is reversed. This is Jensen’s inequality. 


Cyclic Sum 


Let n be a positive integer. Given a function f of n variables, define the cyclic sum 
of variables (x1, x2,..., Xn) as 


SFG, tate -s5 kh) SF Cty 202 ee EY Crys. BD 


cyc 


+--+ fn, 41, %2,---,Xn-1)- 


De Moivre’s Formula 


For any angle a and for any integer n, 


(cosa +isina)” = cosna +i sinna. 
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From this formula, we can easily derive the expansion formulas of sin na and cos na 
in terms of sina and cosa. 


Euler’s Formula (in Plane Geometry) 


Let O and I be the circumcenter and incenter, respectively, of a triangle with cir- 
cumradius R and inradius r. Then 


|OI|? = R* —2rR. 


Excircles, or Escribed Circles 


Given a triangle ABC, there are four circles tangent to the lines AB, BC, CA. One is 
the inscribed circle, which lies in the interior of the triangle. One lies on the opposite 
side of line BC from A, and is called the excircle (escribed circle) opposite A, and 
similarly for the other two sides. The excenter opposite A is the center of the excircle 
opposite A; it lies on the internal angle bisector of A and the external angle bisectors 
of B and C. 


Excenters 


See Excircles. 


Extended Law of Sines 

In a triangle ABC with circumradius equal to R, 
IBC| |CA|  |AB 
snA  sinB sinC 


2R. 


Gauss’s Lemma 


Let 

D(x) = nx” + ap—ix" | +--+ agx +49 
be a polynomial with integer coefficients. All the rational roots (if there are any) of 
p(x) can be written in the reduced form ae where m and n are divisors of ag and ap, 
respectively. 


Gergonne Point 


If the incircle of triangle ABC touches sides AB, BC, and CA at F, D, and E, then 
lines AD, BE, and CF are concurrent, and the point of concurrency is called the 
Gergonne point of the triangle. 
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Heron’s Formula 


The area of a triangle ABC with sides a, b, c is equal to 


[ABC] = /s(s —a)(s — b)(s — 0), 


where s = (a+ b+ c)/2 is the semiperimeter of the triangle. 


Homothety 


A homothety (central similarity) is a transformation that fixes one point O (its center) 
and maps each point P to a point P’ for which O, P, P’ are collinear and the ratio 
|OP|: |OP’| =k is constant (k can be either positive or negative); k is called the 
magnitude of the homothety. 


Homothetic Triangles 


Two triangles ABC and DE F are homothetic if they have parallel sides. Suppose 
that AB || DE, BC || EF, and CA || FD. Then lines AD, BE, and CF concur 
at a point X, as given by a special case of Desargues’s theorem. Furthermore, some 
homothety centered at X maps triangle ABC onto triangle DEF. 


Incenter 


The center of an inscribed circle. 


Incircle 


An inscribed circle. 


Jensen’s Inequality 


See Convexity. 


Kite 


A quadrilateral with its sides forming two pairs of congruent adjacent sides. A kite 
is symmetric with one of its diagonals. (If it is symmetric with both diagonals, it 
becomes a rhombus.) The two diagonals of a kite are perpendicular to each other. 
For example, if ABCD is a quadrilateral with |AB| = |AD| and |CB| = |CD|, 
then ABCD is a kite, and it is symmetric with respect to the diagonal AC. 
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Lagrange’s Interpolation Formula 


Let xo, X1,...,Xn be distinct real numbers, and let yo, y1,..., yy be arbitrary real 
numbers. Then there exists a unique polynomial P(x) of degree at most n such that 
P(x) = y;,i =0,1,...,2. This polynomial is given by 


7. yi(x — x9) +++ — x41) (0 — Xi44) -+ ( — Xn) 


P(x)= : 
omg (Xi — 0) - +» i — Xi-1) Oi — i441) + i — Xn) 


Law of Cosines 


In a triangle ABC, 
ICA|? = |AB|? + |BC|* — 2|AB|-|BC| cos ZABC, 


and analogous equations hold for |A B|? and |BC/?. 


Median formula 


This is also called the length of the median formula. Let AM be a median in triangle 
ABC. Then 


2|AB/? + 2|AC|? — |BC|* 


|AM|? = 
4 


Minimal Polynomial 


We call a polynomial p(x) with integer coefficients irreducible if p(x) cannot be 
written as a product of two polynomials with integer coefficients neither of which 
is a constant. Suppose that the number «@ is a root of a polynomial g(x) with integer 
coefficients. Among all polynomials with integer coefficients with leading coefficient 
1 (.e., monic polynomials with integer coefficients) that have @ as a root, there is 
one of smallest degree. This polynomial is the minimal polynomial of a. Let p(x) 
denote this polynomial. Then p(x) is irreducible, and for any other polynomial g(x) 
with integer coefficients such that g(a) = 0, the polynomial p(x) divides q(x); that 
is, g(x) = p(x)h(x) for some polynomial h(x) with integer coefficients. 


Orthocenter of a Triangle 


The point of intersection of the altitudes. 
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Periodic Function 


A function f(x) is periodic with period T > 0 if T is the smallest positive real 
number for which 


f(x +T) = f@) 


for all x. 
Pigeonhole Principle 
If n objects are distributed among k < n boxes, some box contains at least two 


objects. 


Power Mean Inequality 


Let a}, a2, ..., Gp be any positive numbers for which aj + a2 +--+ +a, = 1. For 
positive numbers x1, x2, ..., X» we define 
M_« =a min{x1, XQ, +005 Xk}, 
Moo = max{Xx1, X2,..., Xk}, 


an 
nm -? 


_ 4 1.42 
Mo = X1 Xn +X 
t t t\l/t 
M; = (ax; + a2X,+-:: + agx;) , 
where f is a nonzero real number. Then 
M_« < Ms < M; < Mo 


fors <t. 


Rearrangement Inequality 


Leta, < a2 <--- <a; bj < bo <--- < by be real numbers, and let cy, c2,..., cy 
be any permutations of bj < bz <--- < by. Then 


aby + agby—-1 + +++ + anby < aycy + agce2 +++ + anen 
< ayby + agby + +++ + abn, 


with equality if and only if ay = az =--- =a, or bj = bp =--- = dy. 


Root Mean Square—Arithmetic Mean Inequality 


For positive numbers x1, x2, ..., Xn; 


sea 5 Mata te tm 
n n : 
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The inequality is a special case of the power mean inequality. 


Schur’s Inequality 


Let x, y, z be nonnegative real numbers. Then for any r > 0, 
(x-yW@-D+yO-DYy-*)+7U-xG-y) 20. 


Equality holds if and only if x = y = z or if two of x, y, z are equal and the third is 
equal to 0. 

The proof of the inequality is rather simple. Because the inequality is symmetric 
in the three variables, we may assume without loss of generality that x > y > z. 
Then the given inequality may be rewritten as 


@-y)[2"@-D-yYO-vDl|+7@-DO-D=0, 


and every term on the left-hand side is clearly nonnegative. The first term is positive 
if x > y, so equality requires x = y, as well as z’ (x — z)(y — z) = 0, which gives 
either x = y= zorz=0. 


Sector 


The region enclosed by a circle and two radii of the circle. 


Stewart’s Theorem 
In a triangle ABC with cevian AD, write a = |BC|, b = |CA|,c = |AB|,m = 
|BD|,n = |DC|, andd = |AD|. Then 


da +man = cn + b’m. 


This formula can be used to express the lengths of the altitudes and angle bisectors 
of a triangle in terms of its side lengths. 


Trigonometric Identities 


sin? a + cos*a = 1, 
14+ cot?7a= csc’ a, 


tan? x + 1 = sec’ x. 
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Addition and Subtraction Formulas: 


sin(a + b) = sinacosb+cosasinb, 


cos(a + b) = cosacosb F sina sinb, 


tana + tanb 
tan(a + b) = —————__ 
1 + tana tanb 
cotacotb+1 
cot(a + b) = ———___., 
cota £cotb 


Double-Angle Formulas: 


. ‘ 2 tana 
sin 2a = 2sinacosa = ees 
1+ tan-a 
. 1 —tan2a 
cos 2a = 2cos*a—1=1-—2sin?a= Es 
1+ tan? a 
2tana 
tan 2a = ai 
1 — tan*a 
cot7a— 1 
cot 2a = —————_ 
2cota 
Triple-Angle Formulas: 
sin 3a = 3sina —4sin* a, 
cos 3a = 4cos? a — 3cosa, 
3 tana —tan?a 
tan 3a = ——__.—_ 
1 —3tan2a 
Half-Angle Formulas: 
24a 1—cosa 
sin’ — = —_——_., 
2, 
a 1+cosa 
cos’ — = ——_—_., 
2 2: 
a 1 —cosa sina 
tan = = . = , 
2 sina 1+cosa 
a 1+ cosa sina 
cot~ = - = . 
2 sina 1 —cosa 
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Sum-to-Product Formulas: 


—b 
sina + sinb = 2sin — co’ S ; 
a+b a—b 
cosa + cosb = 2cos cos 7 
sin b 
tana +tanb = sine): 
cosacosb 
Difference-to-Product Formulas: 
; ; a a+b 
sina — sinb = 2 sin cos i 
_ a-b , atb 
cosa —cosb = —2sin sin ; 
2 2 
i —b 
tana —tanb = sin’) ) : 
cosacosb 


Product-to-Sum Formulas: 
2sinacosb = sin(a + b) + sin(a — b), 
2cosacosb = cos(a + b) + cos(a — b), 
2 sina sinb = —cos(a +b) + cos(a — b). 


Expansion Formulas 


n a F n oe . 
sinna = (‘) cos’! w sina — (5) cos’~3 w sin? a 
n = ; 
+ (4) cos" Sasinsa—---, 
n . n = ; 
cosna = ; cos” a — 5 cos”~* a sin* a 
n = ; 
+ ({)) cos" 4a sint a — -- 


Viéte’s Theorem 


Let x1, x2,..., X, be the roots of polynomial 
P(x) = anx” + dn_jx" | +--+» +ayx +9, 


where a, # 0 and ao, a1,..., da, € C. Let sx be the sum of the products of the x; 
taken k at a time. Then 
kan-k 
Sk = (-1)°—_, 
n 
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that is, 
an-1 
Xp + XQ + +++ +X, = : 
an 
an-2 | 
X1XQ Hr FAX] AXn-1%n = ; 
; an 


ao 
X1XQ-°++X_, = (-1)"—. 
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